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ABSTRACT

A mathematical model for infectiology and optimal control of dengue fever disease
epidemics in Tanzania is formulated and analysed. The model describes the
interaction between human and dengue fever mosquito populations with treatment.
Susceptible human population is divided into two, namely, careful and careless
susceptible. The model presents two disease-free and two endemic equilibrium
points. The results show that the disease-free equilibrium point is locally and
globally asymptotically stable if the reproduction number is less than unity. Endemic
equilibrium point is locally and globally asymptotically stable under certain
conditions using additive compound matrix and Lyapunov method respectively.

The model is fitted to data on dengue fever disease using maximum likelihood
estimator. From the results, it is observed that the forecasted data closely agree to the
actual data. Sensitivity analysis of the model is implemented in order to investigate
the sensitivity of certain key parameters of dengue fever disease transmission.
Moreover the model consists of five control strategies that is campaign aimed in
educating careless individuals, reducing mosquito-human contact, removing vector
breeding places, insecticide application and the control effort aimed at reducing the
maturation rate from larvae to adult. Optimal Control (OC) approach is used in order
to find the best strategy to fight the disease and minimize the cost. From the cost-
effectiveness analysis, the results suggest that combination of removing vector
breeding places and reducing maturation rate from larvae to adult is the most cost-

effective of all the strategies for dengue fever disease control considered.
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CHAPTER ONE

INTRODUCTION
1.1  General Introduction
Dengue is a major health problem found in tropical and sub-tropical climates
worldwide, mostly in urban and semi-urban areas [http://www.who. Int/mediacentre
[factsheets/fs117/en/]. Dengue fever disease can cause a severe flu-like illness, and
sometimes Dengue fever can vary from mild to severe. The more severe forms of
dengue fever include dengue hemorrhagic fever and dengue shock syndrome.
Dengue fever (DF) is a vector-borne disease transmitted by female Aedes aegypti
and Aedes albopictus mosquitoes because they require blood meal for the
development of their eggs. Four different serotypes can cause dengue fever. A
human infected by one serotype, on recovery, gains total immunity to that serotype
and only partial and transient immunity with respect to the other three. Preventing or
reducing dengue virus transmission depends entirely on the control of mosquito. The
spread of dengue is attributed to expanding geographic distribution of the four

dengue viruses and their mosquito vectors (Rodrigues et al., 2010).

Dengue disease in more severe cases is associated with loss of appetite, vomiting,
high fever, headache, abdominal pain, shock and circulatory failure. Dengue remains
a serious threat for human health in Tanzania because an effective dengue vaccine
and anti-viral treatment are not currently available (Rodrigues et al., 2013, Massawe

et al., 2015).

The presence of Aedes aegypti mosquito was first identified in Dares Salaam city in

Tanzania followed by few regions in the year 2014. In July 2010 for the first time in



Tanzania, an outbreak of dengue fever was reported and over 40 people were

infected. From 2010 to 2015 the number of infected cases has been increasing.

Moreover in the year 2014 the government of Tanzania announced the danger of the
disease where people were alerted about the disease and the precaution to be taken,
symptoms, prevention and lifesaving like getting plenty of bed rest, drinking lots of
fluids, taking medicine to reduce fever, taking pain relievers with acetaminophen and
avoid those containing aspirin, and if is most severe form that is Dengue
hemorrhagic fever and Dengue shock syndrome, early and aggressive emergency
treatment can be lifesaving by:

i) Emergency treatment with fluid and electrolyte replacement,

i) Blood pressure monitoring,

iii) Transfusion to reduce blood loss,

Management of severe form of dengue hemorrhagic fever frequently requires
hospitalization, for example treating electrolyte imbalances caused by kidney failure
can be difficult, because many medicines lower some electrolyte levels while raising

other levels. Doctor needs regularly monitor electrolyte levels.

In the year 2014 between January and December and January to April 2015, 1025
people were infected with dengue fever disease and 4 died of the disease from Dar es
Salaam city. The regions which were affected with Dengue fever disease are Dar es

Salaam with 1014 cases (Kinondoni-601, Temeke-144, and llala-269), Kigoma3,



Mwanza2, Mbeya2, Kilimanjaro 3 and Njombel (ministry of health and social

welfare in Tanzania, Massawe et al., 2015).

Currently 2.5 billion people living in areas at risk of DF transmission, each year, an
estimated 100 million cases of dengue fever occur worldwide (Gibbons and Vaughn,
2002; WHO, 2002). The disease create many burdens on families as some bread
winners and also the governments which have to spent millions of money in
diagnosing the disease, purchasing of pesticides to Kkill the mosquitoes and
purchasing drugs to treat the patients and the other intervention schemes. It is these
effects of the disease that call for continuous research into the prevention and control

of the disease by using Optimal Control theory.

Optimal Control theory is a powerful Mathematical tool used to make decisions on
how to control epidemiologic diseases like dengue fever disease. Optimal Control
theory is used to minimize the investments in disease’s control, since the financial
resources are always scarce. Quantitative methods are applied to the optimization of
investments in the control of the epidemiologic disease, in order to obtain a
maximum of a benefit from a fixed amount of financial resources (Rodrigues et al.,
2010). Optimal control theory helps to find the percentage of the individuals who
should be treated as time evolves in a given epidemic model in order to minimize the
spread of disease and the cost of implementing the treatment strategy (Lenhart &

Workman, 2007). In a dynamical system, the optimal control problem for ordinary

differential equations is described by the state equation: g; (t)= q(t, g, u(t)) where



u(t) is control and g, is the state variables which depend on the control variables.

The control enters the system of differential equations and adjusts the dynamics of
the state system. The goal is to adjust the control in order to maximize (or minimize)
a given objective function subject to some constraints (Lenhart & Workman, 2007).

The aim of the control is to minimize the objective function
R . t
ie.J= mulnjt0 (t,g;,u(t))dt (1.1)

subject to the differential equations and initial conditions. Such a minimizing control

is called an optimal control problem (Lenhart & Workman, 2007).

The principle technique for such an optimal control problem is to solve a set of
“necessary conditions” that an optimal control and corresponding state variables
must satisfy. The necessary conditions is generated from the Hamiltonian H, is

definedas H(t, g;,u,4)=f(t, g,, u)+Aq(t, g;, u) (1.2)

= H =integrand of (1.1)+ adjoint x Right hand side (RHS) of (1.2)

Then it is intended to minimize H with respect to u = u”™(optimal control) and the

conditions is written in terms of the Hamiltonian:

aa—H =0atu” = f, + g, =0 (Optimality condition),
u

di  oH dA ini ;
A9 P (¢ ) (Adjoint equation),
i =% ( . +ig.) (Adj q )

A(t;) =0 (Transversality condition),

The dynamics of the state equation is given by
g, =q(t,g;,u) = Z—; g(t,) = 9, (Lenhart & Workman, 2007)



Mathematical models have played a major role in increasing our understanding of the
dynamics of infectious diseases. Several models have been proposed to study the
effects of some factors on the transmission dynamics of these infectious diseases
including Dengue fever and to provide guidelines as to how the spread can be

controlled (Seidu and Makinde, 2014).

Mathematical modelling also became considerable important tool in the study of
epidemiology because it helps us to understand the observed epidemiological
patterns, disease control and provide understanding of the underlying mechanisms
which influence the spread of disease and may suggest control strategies (Ozaire et
al., 2012). The epidemiological data and the economic cost of infectious diseases are
effective elements in evaluating the relevance of intervention programmes. In
economic situation, any intervention, like treatment, that has been found to be cost
effective would be fully funded without delay. Sometimes, funding and access to
treatment may be difficult as always faced with a number of constraints. Optimal
control theory to determine the optimal resource allocation as an epidemic progress
has been used. Optimal control theory is a powerful mathematical tool to make
decision involving complex dynamical systems (Lenhart & Workman, 2007). For
example, what percentage of the population should be treated as time evolves in a
given epidemic model to minimize both the number of infected people and the cost
of implementing the treatment strategies. Optimal control problems have generated a
lot of interest from researchers all over the world, for instance in Thome et al.,
(2010), the authors presented a mathematical model of optimal control by

considering the cost of insecticide application, the cost of the production of irradiated



mosquitoes and their delivery as well as the social cost. In Rodrigues et al., (2012),
the authors used three vector control tools: larvicide, adulticide and mechanical
control. In Rodrigues et al., (2010), the authors presented an application of optimal
control theory to Dengue epidemics. The dynamic model is described by a set of
nonlinear ordinary differential equations that depend on the dynamics of the Dengue
mosquito, the number of infected individuals, and the people’s motivation to combat
the mosquito. The cost functional depends not only on the costs of medical treatment
of the infected people but also on the costs related to educational and sanitary
campaigns. They used two approaches to solve the problem: one using optimal
control theory, another one by discretizing first the problem and then solving it with
nonlinear programming, leading to a decrease of infected mosquitoes and individuals
in less time and with lower costs. In Rodrigue et al., (2011), the authors used optimal
control theory for control of the vector that is mosquito. Their model consists of eight
mutually exclusive compartments representing the human and vector dynamics. It
also includes a control parameter (insecticide) in order to fight the mosquito. In Ozair
et al., (2012), the authors used the optimal control theory in which their model
consists of three control measures; the preventive control to minimize vector-human
contacts, the treatment control to the infected human, and the insecticide control to

the vector.

Not much research has been done in the study of epidemic models that consider all
five controls, campaign aimed in educating careless individuals, reducing mosquito-
human contact, removing vector breeding places, insecticide application, reducing

the maturation rate from larvae to adult in Tanzania.



Moreover in Massawe et al., (2015), the authors presented a dynamical model that
studied the temporal model for dengue disease with treatment. In this work, the
model by Massawe et al., (2015) will be extended, to include rate at which recovery
individual lose immunity, Positive change in behaviour for carless susceptible,
average daily biting rate per day for careful susceptible, average daily biting rate per
day for careless susceptible, average daily biting rate per day for mosquito and
Susceptibles with different behaviour that is the dynamical system that incorporates
the effects of Careful and Careless human susceptible on the transmission of Dengue
fever disease, and then the use of all five controls, that is campaign aimed in
educating careless individuals, reducing mosquito-human contact, removing vector
breeding places, insecticide application, reducing the maturation rate from larvae to

adult.

The model to include various intervention strategies to obtain an optimal control
problem will be analysed qualitatively using the Pontryagin’s Maximum principle.
The resulting optimal control problem is also solved numerically to gain more

insights into the implications of the interventions.

1.2  Statement of the Problem:

The study is motivated by the fact that the disease is endemic and claims many lives.
Dengue fever (DF) is still endemic in many countries, in those with tropical and sub-
tropical climates, including Tanzania. Areas of on-going transmission are as shown

below [www.healthmap.org/dengue/index.php].
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Figure 1. 1: Map showing global distribution of Dengue fever

Figure 1. 2:  Map showing distribution of dengue in Africa and the Middle
East

Mathematical models of the dynamics of this disease with special emphasis on
Tanzania are uncommon. Few studies of optimal control has been carried out such as

those by Thome et al., (2010), Rodrigues et al., (2011),Wijayaa et al., (2013), Ozair



et al., (2012), which have applied optimal control theory. In particular Massawe et

al., (2015), studied a temporal model for dengue disease with treatment.

However, none of these studies have considered the rate at which recovery individual
lose immunity, positive change in behaviour for carless susceptible, average daily
biting rate per day for careful susceptible, average daily biting rate per day for
careless susceptible, average daily biting rate per day for mosquito, susceptible with
different behaviour that is the dynamical system that incorporates the effects of
careful and careless human susceptible on the transmission of Dengue fever disease,
and then the use of all five controls, that is campaign aimed in educating careless
individuals, reducing mosquito-human contact, removing vector breeding places,
insecticide application, reducing the maturation rate from larvae to adult in Tanzania.
Therefore, this study intends to apply optimal control approach using Pontryagin’s
Maximum principle in order to find the best strategy to fight the disease and

minimize the cost.

1.3 Research Objectives

The main objective of this study is to formulate and analyse a mathematical model

for Infectiology and Optimal Control of Dengue Fever Disease.

The specific objectives are:

(N To formulate a mathematical model for Infectiology and Optimal Control of
Dengue Fever Disease.

(i)  To determine the existence and stabilities of the disease free equilibrium

point and endemic equilibrium point.



(i)

(iv)

v)

1.4

(i)

(if)

(i)

(iv)

v)

1.5

10

To perform sensitivity analysis of mathematical models on the effect of each
parameter on the spread or control of Dengue fever disease.

To determine the impact of optimal control strategies on the spread of
Dengue fever disease in the perspective of health care and the society.

To determine the impact of each embedded parameter on the model.

Research Hypotheses

It is possible to formulate a mathematical model of optimal control of Dengue
fever disease for minimizing the spread of Dengue fever disease and
minimizing the cost involved in the control strategies.

The disease free equilibrium point is stable if the reproduction number is less
than unity and endemic equilibrium point is stable if the reproduction number
is greater than unity.

Sensitivity analysis will reveal the most sensitive parameter on the spread of
Dengue fever disease.

Optimal control of Dengue fever disease can make the control strategies
affordable to the health care and the society.

The variation of the embedded parameters and the results of the model of

optimal control of Dengue fever disease are positively correlated.

Significance of the Study

The health as well as the socioeconomic impact of emerging and re-emerging

infectious diseases is significant. This study is significant for the following reasons:

The study will help health care sectors to optimize controls and minimizing the cost

of control strategies in order to reduce the spread of Dengue fever disease in the
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society. It will also help to improve control strategies for the occurrence of Dengue
fever disease outbreak in the community of Tanzania. Through this study, public
health policy makers will be guided on optimal control strategies which they can
consider to control the disease. The study will be used to inform national health
authorities about the burden of Dengue fever disease and the economic value of
implementing the campaigns of making the society to be careful in Dengue fever
transmission in Tanzania. Furthermore, the study will help educationalist to develop
educational seminars, workshops or training programmes to educate people about the
control strategies of Dengue fever disease. The study will also act as a platform for
further research on optimal control of Dengue fever disease and form a base for

further studies of related problem.
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CHAPTER TWO

LITERATURE REVIEW

Dengue has become a serious health problem worldwide and researchers have
focused their attention on understanding how the dengue fever disease is treated. A

number of studies have been conducted to highlight the control of the disease.

Massawe et al., (2015) presented a mathematical model for the dengue fever disease
with treatment. Comprehensive mathematical techniques were used to analyse

stability of the model. It was found that the disease free equilibrium point is locally
and globally asymptotically stable if the reproduction number (RO) is less than unity.
Then the dengue fever model’s endemic is locally asymptotically stable when
reproduction number is greater than unity. Sensitivity indices of R, to the parameters

in the model were calculated. The sensitivity indices revealed that the average daily
biting, maturation rate from larvae to adult, transmission probability from human to
mosquito, number of larvae per human, transmission probability from mosquito to

human and the number of eggs at each deposit per capita, when each one increases
keeping the other parameters constant they increase the value of R, implying that

they increase the endemicity of the disease. While other parameters, average lifespan

of humans, natural mortality of larvae, mean viremic period and average lifespan of
adult mosquitoes, decrease the value of R, implying that they decrease the

endemicity of the disease. The numerical simulations were performed using a set of

reasonable parameter values. The results suggest that treatment have a positive
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impact on the decrease of growth rate of dengue fever disease, and the number of

death is reduced.

Evans et al., (2014) presented a simple mathematical model to replicate the key
features of the sterile insect technique (SIT) for controlling pest species, with
particular reference to the mosquito Aedes aegypti, the main vector of dengue fever.
The spatial uniform equilibria of the model were identified and analysed.
Simulations were performed to analyse the impact of varying the number of release
sites, the interval between pulsed releases and the overall volume of sterile insect

releases on the effectiveness of SIT programmes.

Results show that, given a fixed volume of available sterile insects, increasing the
number of release sites and the frequency of releases increase the effectiveness of
SIT programmes. It was also observed that programmes may become completely
ineffective if the interval between pulsed releases is greater that a certain threshold
value and that, beyond a certain point, increasing the overall volume of sterile insects
released does not improve the effectiveness of SIT. It was also noted that insect
dispersal drives a rapid recolonisation of areas in which the species has been
eradicated and they argued that understanding the density dependent mortality of

released insects was necessary to develop efficient, cost-effective SIT programmes.

Aldila et al., (2013) presented an optimal control problem for a host-vector Dengue
transmission model. In the model, treatments with mosquito repellent were given to

adults and children and those who undergo treatment were classified in treated
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compartments. With this classification, the model consists of 11 dynamic equations.
The basic reproductive ratio that represents the epidemic indicator was obtained from
the largest eigenvalue of the next generation matrix. The optimal control problem
was designed with four control parameters, namely the treatment rates for children
and adult compartments, and the drop-out rates from both compartments. The cost
functional accounts for the total number of the infected persons, the cost of the
treatment, and the cost related to reducing the drop-out rates. Numerical results for
the optimal controls and the related dynamics were shown for the case of epidemic
prevention and outbreak reduction strategies. The significance of the age structure
was indicated in the calculation of the optimal cost. The higher cost value in the case
with no age structure is simply due to the use of adults unit treatment cost for all
persons. With a limited budget, it is much better to apply the treatment well before

the occurrence of the outbreak.

Thome et al., (2010) presented a mathematical model to describe the dynamics of
mosquito population when sterile male mosquitoes (produced by irradiation) were
introduced as a biological control, besides the application of insecticide. The effort
was made to reduce the fertile female mosquitoes, by searching for the optimal
control considering the cost of insecticide application, the cost of the production of
irradiated mosquitoes and their delivery as well as the social cost (proportional to the
number of fertilized female’s mosquitoes). The optimal control is obtained by
applying the Pontryagin’s Maximum Principle (The powerful method for

computation of optimal controls).
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The results were that high application of insecticide is needed at the beginning of the
control, with an exponential decay. Furthermore, the release of insects in general
follows a bell shape distribution with an abrupt increasing and decreasing at the
extremes, and a plateau at the middle, except in the case when social cost is

increasing one hundred times.

Rodrigues et al., (2012) developed a model with six mutually-exclusive
compartments related to Dengue disease. In their model, there are three vector
control tools: larvicide, adulticide and mechanical control. The problem was studied
using an Optimal Control (OC) approach. Simulations based on clean-up campaigns
to remove the vector breeding sites, and also simulations on the application of
insecticides (larvicide and adulticide), were made. It was shown that even with a low,
although continuous, index of control over the time, the results were surprisingly
positive. The adulticide was the most effective control, from the fact that with a low
percentage of insecticide, the basic reproduction number is kept below unity and the

infected number of humans was smaller.

Rodrigues et al., (2010) presented a model for the transmission of dengue disease. It
consists of eight mutually-exclusive compartments representing the human and
vector dynamics. It also includes a control parameter (insecticide) in order to fight
the mosquitoes. The main goal of this work was to investigate the best way to apply
the control in order to effectively reduce the number of infected human and
mosquitoes. The numerical tests conclude that the best strategy for the infected

reduction was the weekly administration although it was the most expensive one
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(insecticide cost). The best result obtained was between 11 and 12 days, with the
insecticide amount in the closed interval from 7 to 8, confirming the amount of
constant control strategy. The 11 or 12 days between applications can be directly
related to the span of adult stage for the mosquitoes, an average of eleven days in an

urban environment.

Rodrigues et al., (2010) presented an application of optimal control theory to Dengue
epidemics. The dynamic model was described by a set of nonlinear ordinary
differential equations that depend on the dynamic of the Dengue mosquito, the
number of infected individuals, and the people’s motivation to combat the mosquito.
The cost functional depends not only on the costs of medical treatment of the
infected people but also on the costs related to educational and sanitary campaigns.
Two approaches to solve the problem were considered: one using optimal control
theory, another one by discretizing first the problem and then solving it with
nonlinear programming. They observed that after four weeks the percentage of
infected mosquitoes vanishes and the number of infected individuals begin to

decrease, leading to much smaller cost with insecticides and educational campaigns.

Ozair et al., (2012) presented a model for the transmission dynamics of a vector-
borne disease with nonlinear incidence rate. It was proved that the global dynamics
of the disease were completely determined by the basic reproduction number. In

order to assess the effectiveness of disease control measures, the sensitivity analysis
of the basic reproductive number R, and the endemic proportions with respect to

epidemiological and demographic parameters were provided. From the results of the
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sensitivity analysis, the model was modified to assess the impact of three control
measures; the preventive control to minimize vector-human contacts, the treatment
control to the infected human, and the insecticide control to the vector. Analytically
the existence of the optimal control was established by the use of an optimal control
technique and numerically it was solved by an iterative method. Numerical
simulations and optimal analysis of the model show that restricted and proper use of
control measures might considerably decrease the number of infected humans in a
viable way. It was found from the sensitivity indices analysis that the most sensitive
parameters were those of mosquito biting and death rates. The work was also
extended to assess the impact of some control measures. By the application of
optimal control theory, they derived and analysed the conditions for optimal control
of the disease with personal protection, treatment and spray of insecticides. From
their numerical results they found that an effective and optimal use of preventive
measure in the population without the use of larvicide against the vector will not be
beneficial if total elimination of the disease is desirable in the community. Control
programs that follow these strategies can effectively reduce the spread of a vector-

borne disease in the community.

Wijayaa et al., (2013) presented optimal control model of Aedes aegypti population
dynamics concerning classification of indoor-outdoor life cycles. An optimal control
based on the mosquito population dynamics regulated by the two control measures:
the Temephos spraying and the thermal fogging. The basic mosquito offspring was
obtained from the maximum of the modulus of all elements in the spectrum of the

next generation matrix. Preliminary simulation result shows that the mosquito-free
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equilibrium (referred to as the trivial equilibrium) was always unstable for any
choice of the constant control measures undertaken in the simulation. Whereas the
constant control seems less applicable in everyday life, an optimal control was
required such that the balance between minimizing the cost for the control and

suppressing the trajectory of all compartments is achieved together.

From their optimal control simulation, the results show that all the controlled
trajectories lied under all the associated uncontrolled trajectories after performing the
optimal control. From every specific scenario of the control implementation, one
needs to enhance the mass of the thermal fogging rather than the mass of the

Temephos spraying during the observation time.

Lashari et al., (2013) delt with a simple mathematical model for the transmission
dynamics of a vector-borne disease that incorporates both direct and indirect
transmission. The model was analysed using dynamical systems techniques and it
revealed the backward bifurcation for some range of parameters. In such cases, the
reproduction number does not describe the necessary elimination effort of disease
rather the effort is described by the value of the critical parameter at the turning
point. The model was extended to assess the impact of some control measures, by re-
formulating it as an optimal control problem with density-dependent demographic
parameters. The optimality system was derived and solved numerically to investigate
the cost effective control efforts in reducing the incidence of infectious hosts and
vectors. They also determined the cost effective strategies for combating the spread

of a vector-borne infection in the community. By the application of Pontryagins
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Maximum Principle, they performed the optimal analysis of the non-autonomous
control problem considering three controls, one for mosquito-reduction strategies and
the other two for personal (human) protection and blood screening, respectively.
Furthermore, they minimized the number of infected hosts and the total number of
vector population by using three control variables. They investigated the dynamics
by an efficient numerical method based on optimal control to identify the best
strategy of a vector-borne disease in order to reduce infection and prevent vector host
as well as direct contacts by using three controls. The results support the hypothesis
that preventive practices are very effective in reducing the incidence of infectious

hosts and vectors.

Fister et al., (2013) developed an optimal control framework for an ordinary
differential equations model to investigate the introduction of sterile mosquitoes to
reduce the incidence of mosquito-borne diseases. Existence of a solution given an
optimal strategy and the optimal control was determined in association with the
negative effects of the disease on the population while minimizing the cost due to
this control mechanism. Numerical simulations have shown the importance of effects
of the bounds on the release of sterile mosquitoes and the bounds on the likelihood of
egg maturation. The optimal strategy was to maximize the use of habitat
modification or insecticide. A combination of techniques leads to a more rapid

elimination of the wild mosquito population.

Rodrigues et al., (2010) presented a model for the transmission of dengue disease. It

consists of eight mutually-exclusive compartments representing the human and
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vector dynamics. It also includes a control parameter (adulticide spray) in order to
combat the mosquito. It was very difficult to control or eliminate the Aedes aegypti
mosquito because it makes adaptations to the environment and becomes resistant to
natural phenomena (e.g. droughts) or human interventions (e.g. control measures).
During outbreaks emergency, vector control measures can also include broad
application of insecticides. It is shown that, with a steady spray campaign it is
possible to reduce the number of infected humans and mosquitoes. Active
monitoring and surveillance of the natural mosquito population should accompany

control efforts to determine programme effectiveness.

Although many Dengue fever models have been formulated so far, regarding the
effectiveness of the control strategies for Dengue fever epidemics, none has
considered the effects of the use of all five controls, that is campaign aimed in
educating careless individuals, reducing mosquito-human contact, removing vector
breeding places, insecticide application, reducing the maturation rate from larvae to
adult in Tanzania, by applying Optimal Control approach using Pontryagin’s
Maximum principle in order to find the best strategy or strategies to fight the disease

and minimize the cost.
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CHAPTER THREE
A MODEL OF DENGUE FEVER WITH TREATMENT, TEMPORARY

IMMUNITY, CAREFUL AND CARELESS HUMAN SUSCEPTIBLE

3.1 Introduction

In this chapter, the Dengue fever disease mathematical model by Massawe et al.,
(2015) which was temporal model for dengue disease with treatment will be
extended to include temporary immunity and Susceptibles with different behaviour
that is the dynamical system that incorporates the effects of Careful and Careless
human susceptible on the transmission of Dengue fever in the society. The model is
analysed to get the insight into its epidemiological and dynamical features necessary
for better understanding of the spread of Dengue fever infection in a population. The
epidemic threshold governing the elimination or persistence of Dengue fever
epidemic is determined and studied. Then local and global asymptotically stability of

disease-free and endemic equilibrium point are studied. Numerical sensitivity is
carried out in which sensitivity indices of the effective reproduction number R, to

each parameter in the model is calculated to determine which parameters have high

impact on R, and should be targeted for control strategies.

3.2  Formulation of the Model
In this section, a deterministic model is developed that describes the dynamics of
Dengue fever of population size N (Rodrigue et al. 2013). Two types of population

are considered: humans and mosquito. The humans are divided into five mutually-
exclusive compartments indexed by h are given by: S, (t) careful human

susceptible (Individual who are aware of the disease and use protective measure),

S, (t)- careless human susceptible (Individual who are not aware of the disease and

are not using protective measure), where the biting rate and infected with the disease
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for careless susceptible is higher than that of careful susceptible individual. Careless

susceptible individual may change in behaviour to be careful at a rate of 6,, I, (t)-
individuals capable of transmitting dengue fever disease to others; T, (t)- individual
who are treated and R, (t)- individuals who have acquired immunity at time t. The

total number of human is constant, which means that N(t)=S, (t)+ S, (t)+

I, (t)+ T, (t)+ R, (t).

Hence we formulate the S, ITRS,  model to describe the passage of
individual from careful or careless susceptible class S, _(t), to the infected class

I, (t), to the treatment class T, (t), to the recovery class R, (t), and then to the

careful susceptible class S, , indicating that individual lose immunity on recovery

from the infection class. Careful and careless susceptible individual are obtained in
the population at a constant rate of 1—zand 7z respectively, it assumed that
immigration and emigration are not considered and then the population is
homogeneous, which means that every individual of a compartment is

homogeneously mixed with the other individuals.

Individual acquire dengue fever infection after infected with dengue virus from

mosquito biting rate B, and B, for careful and careless susceptible with the force of

infection 4, =B,3 ll\l_m and 4, =B, S, :\I—”‘ respectively, g, is infection from
h h
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mosquito to human. It is assumed that B, > B,, there is no natural protection for

human and mosquito.

However infected individual can die by the disease with the rate of @ ,or can move

to the other class which is treatment at the rate of 7, .

Furthermore dengue fever infected individual progress for treatment at the rate of o,

where the treated class move to the recovery class at a time T and then lose

immunity at a rate of ¢,. Human classes are assumed to die naturally at a rate of s, .
Similarly, the model has also three compartments for the mosquito (mosquitoes)

indexed by m are given by: An(t), which represents the aquatic phase of the

mosquito (including egg, pupae and larvae) and the adult phase of the mosquito, with

S,(t) and 1 (t), susceptible and infected, respectively. It is also assumed that
N, (t)=S,(t)+1,(t). Then also we formulate the A S 1, model to describe
the passage from the aquatic phase of the mosquito A, (t) to the the adult phase of

susceptible mosquito S, (t) and to the the adult phase of infected mosquito I, (t).

The eggs are obtained from either susceptible or infected mosquito at the rate of ¢
For which aquatic phase will mature to adult at the rate of 7, , susceptible mosquito

will be infected with dengue virus after biting infected human at the rate of B,, with
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the force of infection A, =B, th—m, where, £, 1s transmission probability from
h

human to mosquito.

It also assumed that each vector has an equal probability to bite any host and there is

no resistant phase, due to its short lifetime. Furthermore aquatic phase A“(t) and

adult phase of mosquito can die naturally at the rate of x,and s, respectively.

Table 3. 1:  Definitions of parameters

PARAMETERS | DESCRIPTIONS

N, Total human population

B.B, & B, Average daily biting (per day)with B, > B,

B Transmission probability from mosquito to human (per bite)

B transmission probability from human to mosquito (per bite)

A Average lifespan of humans (in days)

1, Mean viremic period (in days)

i, Average lifespan of adult mosquitoes (in days)

® Number of eggs at each deposit per capita (per day)

Uy Natural mortality of larvae (per day)

5, Rate at which dengue fever infected individuals progress for
treatment

M Maturation rate from larvae to adult (per day)

m Female mosquitoes per human

K Number of larvae per human

T Fraction of subpopulation recruited into the population.

6, Rate at which recovery individuals lose immunity

0, Positive change in behaviour of Careless individuals

a Per capita disease induced death rate for humans
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Considering the above considerations and assumptions, we then have the following
schematic model flow diagram for dengue fever disease with treatment, temporary

immunity, careful and careless human susceptible:

(1-7)u,N,

I
|
|
1
1
I
1
I
|
1
1
I
1
I
1
1
I
~

Figure 3. 1: Model flow diagram for dengue fever disease with treatment,
temporary immunity, careful and careless human susceptible

From the above flow diagram, the model is described by an initial value problem
with a system of eight differential equations given as follows:
ds

Im
_dthl = (1_7Z)/'thh —B. S N_Sh1 _:uhshl +OR, +€28h2
h

ds,, I
at =7, N, = By S, N_hsh2 _(,Uh +82)Sh2

|
_:(Blshl +sthz)ﬂmh N_m_(:uh +1, +2) 1,

h

—=nl - o )T
at Thln (ﬂh"' h) h (31)

—n= Ol _(;Uh +91) R,
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d
Qﬂ 250[1_ k?\lﬂ j(sm""lm)_(ﬂA"'UA)An
h
ds, |
dt :nAAn_(BSﬂth_h"_/umJSm
h
dl
—m_BA NS _y|
dt 3ﬁhm Nh m /um m

3.3  Model Analysis

The model system of equations (3.1) will be analysed qualitatively to get insight into
its dynamical features which will give a better understanding of Dengue Epidemics
in the society. Threshold which governs elimination or persistence of Dengue fever
will be determined and studied. We begin by finding the invariant region and show

that all solutions of system (3.1) are positive for all the time.

3.3.1 Positive Invariant Region of the Model
Since the model system (3.1) is Dengue fever disease model dealing with human
population, we assume that all state variables and parameters of the model are

positive for all t>0. The model (3.1) will be analysed in suitable feasible region

where all state variables are positive. This region is contained in Q € R®

Let (Shl,Shz ,Ih,Th,Rh,An,Sm,lm)e R? be any solution of the system (3.1) given by
S, +Sy, +1,+T, +R <N, A <kN, & S, +I, <mN, with non- negative initial
conditions, (Rodrigues et al., 2013).

Then the solutions {Shl (1), S, (t), 1,(t), T, (t), R, (1), A, (t), S, (1), Im(t)} of the

system (3.1) are positive for all the time.
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Proof:

To prove Positive Invariant Region of the Model, we shall use all the equations of

system (3.1) of human population whose total is denoted by N, , population of
aquatic phase denoted by A, and population of mosquito whose total is denoted by

N

m*

First, with regards of the population of human whose total is denoted by N, , we have
N, =S, +S, +1,+T, +R, and the system of differential equations is given

by

dN, _dS, dS. dI, dT, dR,
= + 4L+ —N
dt dt dt dt dt dt

Using system of equations (3.1), we get

dN |
d_th :(1—72'),Uh Nh - Blﬂmh N_msh1 _,uhshl +‘91Rh +928h2 +
h

m

7Ny — B, Sy, N_Sh2 - HSy, —6,S,, +

h

|
(B18h1 + BZShz):Bth_m_(:uh + 1 +a) I+

h
V= (1, +6,) T, +
8.1, —(u, +6)R,
This gives

dN,
dt

2 iy Ny =t (Shl +8,, +1, + T, +Rh)
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Then
dN
dth 2 iy Ny = 4, N,
or % >0.
dt

Consequently
dN, > dt.
Integrating both sides, gives
N, >c.
Since
Ny =S, +S, +1, +T, + R,
it follows that
Ny =S, +5, + 1, +T, +R, =¢.
Hence
Sy, + Sy, + 1y + T + Ry <N,

Secondly, with regards of the population of aquatic phase denoted by A, we have

dﬁ:({l_iJ(sm +1n) = (ta+ma) A, O

dt kN,
d
d_At“Z_(/uA"'nA)Aﬂ'

This is the first order inequality which can be solved using separation of variables

Then
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% Z _(,UA +77A)dt

Integrating both sides one gets
In A, >—(u,+m,)t+InC
This is equivalent to

A (t) > Ce (#atinlt

Ast—0 A (0)>C.

Then

A (t)z An(O)e’("A““)t

As t o, A (t)20

Then
0<A,(t)<kN,

Finally, with regards of the total population of mosquito, we have
N =S_+I_

and the system of differential equations, is given by

dN, _ds, dI,

+ .
dt dt dt

But from the system (3.1) we have

ds,,
dt

|
:nAAn _(Bsﬂth_h"_lum]Sm

h

and

dl I
N =B, S —= S, — k- Then
d "N,
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dN
dt

| [
= :nAAn _(BSﬂth_h+ﬂmJSm+B3ﬁth_hSm —,le|m
h h
or
dN

dt

> g (S + 1)

It follows that

dN
T >—nu N_.
dt Hy N
This is the first order inequality which can be solved using separation of variables.

Then

dN,,

> —y dt.

m

Integrate both sides gives
NN, >—x t+InC

This is equivalent to

N, (t)>Ce™
Ast—0 N (0)>C
Then N, (t)> N, (0)e ™"
Ast—oo, N, (t)=0
Then

0<N_<S_+I_<mN,
Therefore

0<S,+1,<mN,
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Hence the host population size S, +S, +1, +T, +R, <N, . For Aquatic phase (that

includes the egg, larvae and pupae stages), the total population size A, <kN, as

t—>o.

Finally, for vector the total population size, S_+1_ <mN, ast—>x

Therefore the feasible set for the model system (3.1) is given by

(84S, 10 Ty Ry Ay S 1) €RE2S,LS, 1 TR ALS, L 20,
S, +S,, +1,+T,+R, <N, A <kN,,S, +1 <mN,

Hence it is verified that Q is a positively invariant set with respect to (3.1).

3.3.2 Positivity of the solutions

Since model system (3.1) is dealing with human population, it is assumed that all
state variables and parameters of the model are positive for all t > 0. For the system

(3.1) to be epidemiologically meaningful, we shall prove that all solutions with non-
negative initial data will remain non-negative that is S, (0), S, (0).1,(0).T,(0),
R.(0), A,(0), S,(0)&I,(0)are non-negative. We prove by the following

Lemma:

Lemma 3.1

Let {s,(0)=0, s, (0)=0, 1,(0)20, T,(0)=0 , R,(0)=0, A,(0)=0,

S,(0)=0 and I,(0)=0} e Q. Then the solution set {Sh1 (t) s, (1), 1,(t), T, (1),
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R.(t), A, (t), S,(t), 1,(t)} of the model system (3.1) is positive, for all t>0.

(Ratera et al., 2012)

Proof:
To prove the Lemma, we shall use all the equations of the system (3.1).
From the 1" equation of the system (3.1) we have

ds

Im
_dthl = (1_”)ﬂhNh —B. S N_Sh1 _/uhshl +OR, +928h2
h

or

dsS
d_thl <(1-7) uN, = HpSy, -

Consequently

ds
d—thl+,uhSh1 <(1-7) u,N,.

This is a first order inequality which can be solved using an integrating factor I.F:

e“hjdt =e", Multiply the inequality by the I.F on both sides, we get

ds
el d—t"1+e"htyh8m <e"' (1-7) N,

This is equivalent to

d(e's, (1)) <(1-7) N e dt.
Integrate both sides yields

e's, (t)<(1-7)N,e” +C.

This gives
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S, (t)<(1-7)N, +Ce ™"
As t —>0, it follows that S, (0)<(1-z)N,+C or
S, (0)-(1-7)N, <C.
Consequently
S, (1) <(L=7) N, +(8, (0) = (1=7) NV, Je *
As t —>oo then S, (t)<(1-7)N,. Therefore 0<s, (t)<(1-7)N,.

From the second equation of the system (3.1), we have

ds,, I
at = 7y Ny, = B, B, N_hsh2 _:uhshz _ezshz or
Sh2

at < mu Ny, _(,Uh +92)Sh2'

Consequently

ds,
" +(u,+6,)S,, <muN,.

This is a first order inequality which can be solved using an integrating factor I.F:

e(,uh +92)_[dt — e(yh +0,)t

Multiply the inequality by the I.F on both sides, to get

ds
e(yh+02)t dth2 +e(yh+02)t;uhshl Se(uhwz)t;whNh_

This is equivalent to
d (e(”“WZ)tSh2 (t)) < 7, Nhe(”“%)tdt.

Integrating both sides yields
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e(Hth'gz)[Sh2 (t) < T, Nh e(lthr'gz)t +C.

- Ly + 0,
This gives
S, (t)< =0 oy cgrtiel
Ly + 6,

As t —»0, it follows that S, (O)£M+C or
Hy + 0,

N
S,, (o)—%gc.
h 2

Consequently

s, (1)< &Nu(sm (O)_%Je(w@zﬁ_

i, + 0, ty + 0,
4, Ny, 4, N,
As t —>oo then S (t)< =" Therefore 0<S, (t)<——"—",
Hy + 6, My + 6,
From the third equation of the system (3.1), we have
dl, I
E:(Blshl+BZSh2)ﬂth—h—(yh+77h+a)lh or

dl
d—t“Z—(ththra)lh

This is the first order inequality which can be solved using separation of variable.

Then

Integrating both sides gives
InZ, >—(u, +n,+a)t+InC,

which is equivalent to
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1, (t)> Ce trma)
As t —0 it follows that 1, (0)>C
Consequently 1, (t)> I, (0)e (memral
As t — oo, it follows that 1, (t)>0

Therefore 1, (t)>0 vt>0

Similarly, it is shown that the remaining five equations of system (3.1) are all

positive.

Therefore it is true that S, (t)>0,S, (t)>0, I,(t)>0, T, (t)>0, R (t)>0,

A,(t)=0, S (t)=0 and I (t)>0, Vt>0

3.4 Steady State Solutions
In this section the model system (3.1) is qualitatively analysed by determining the

model equilibria, carrying out their corresponding stabilities analysis and interpreting
the results. Let E:(S;l, 8;2, I, T.,R,A .S, I;) be the equilibrium point of the
system (3.1). Then, setting the right hand side of system (3.1) to zero, one obtains

(1-7) 4N, = ZS;, — 4Sr. +OR; +6,S;, =0

(32)
7N, _22*8;2 _/Uhs;; _928;2 =0 (3.3)
(A, + 4,8, )—(t +m, +a)1; =0 34
oy = (a4, +6,)T, =0 (3.5)

5Ty (4, +6,)R; =0 (3.6)
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(0( _%j(s;"'l;)_(ﬂA"'nA)A;:O (3.7)
UAA; _(jﬂ* +:um)sr:1 =0 (38)
258 = Hiyl 7 =0 (3.9)

Forces of infections are

*

ﬂl = Blﬂmh N_

h (3.10)
ﬂ'z = BZ mh N_

: (3.11)
23 = BSIma N_

: (3.12)

We compute all state variables of dengue fever disease model in terms of the force of

infection 1”.

From (3.2) we have

o _ (1-7) 4N, + R +6,S,
" (% +m) (3.13)

Then we substitute (3.6) into (3.13).

from (3.6) g’ :(@1}:%
Hy T0;

where

*

T =l from (3.5) and
(/Uh +5h)
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(s i)
" (1, +2) from (3.4)
STl (/11*8;:1 +2';S;2)

Therefore R’ =

(40 +6,) (14 + 8, ) (14 + 17, + )

1) 'S. + A4S,
(1_7T)IUhNh+01 +‘9h77h(/11+; e :_2) A +l925;2

Consequently S, = (44 1)*(1”h W) (4 + 1, +2)
(ﬂ1 +ﬂh)

or

(L=7) 1,Ny (21, +60,) (t + 6, ) (11, + 11, + ) + 65,4 'S, +6,6,71,4,S,,
S’ = +('uh +‘91)(:uh +§h)(/uh+77h+a)028;2
"=

(/11* +ﬂh)(ﬂh +0,) (4 +6,) (14 +17, + )

It follows that
(4 + 0 ) o+ 6) (1t +8,) (1 + 0, +2) = 05,025 ) Sy, =
(1=7) 1N, (2, +6,) (14, + 6, ) (14, + 13, +8) +6,6,7,4,S,,
+( sty +6,) (0 + 8, ) (2 + 12, +) 6,5, .
Then

(1-7) Ny, (2, +6,) (2 + 6, ) (1t + 1, +a)+¢915h77h}t;S;2
- "‘(,Uh"'91)(!41"'é‘h)(ﬂh"'77h""5‘)€25:2

5* =
" ((/11*"'/41)(/41 +0,)(ty + S, ) (4 + 17, +a)_e1§h77hﬂl*)

Substitute Sh, :@LN“H) from (3.3) to obtain
+ My + 0,

(1_”)ﬂhNh (ﬂh "'91)(% +5h)(/uh +hy +a)(ﬂ;+ﬂh +02)+915h77h7[/uhNhﬂ';
+ (40 +6) (44 + 6, ) (14 + 1, + @) Gy N,
(’12* +Hy ‘ng)((ﬂ; +ﬂh)(ﬂh +91)(,Uh +5h)(ﬂh /s +a)_915h77hﬂ'1*)
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Let f, =(1_77)ﬂhNh (ﬂh +91)(ﬂh +5h)(,uh 1 +a) f, =, +6,
fy :(ﬂh +01)(,Uh +5h)(/uh +7, +a)027z;uhNh

f, :(:uh ‘H91)(,Uh +5h)(/'lh 1 +a) fs = 08, mm4 N,

Then
. fl(ﬁgtfz)+f522*+f3 * 314
(/Lz + fz)((% "‘ﬂh) f, =664 )
Then from (3.3)
s = Ny (3.15)
" (ke t)
From equation (3.4)
._(as;+s;)
R S T YA
(,Uh +1, + a)
we substitute (3.14) and (3.15) to obtain
PN f1(/1;+f2)+ fo 2, + 1, L ﬂfthNh
(ﬁ; + fz) (21* +ﬂh) f, 06,14 (’12 + fz)
I —
" (ﬂh +17, +4)
It follows that
« /11*( fl(ﬂ';—}_ fz)"‘ fod, + f3)+((/11*+/uh) fs _015h77hj1*)ﬂ;7[/uhNh
Iy = (3.16)

(ﬂ; + fz)((’f +,Uh) f, _‘915h77h/11*)(ﬂh +17, +a)
Then substituting (3.16) into (3.5) yields

* 77h|;
T =_"/h'h
(,Uh +5h)

It follows that
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. A, ( f, (ﬂ; + fz)+ fd, + f3)+((/11* +/Uh) f4 _‘915h77hﬂ1*)/1;”/1hNh
Ty = : : . (3.17)
(2, +5h)(/12 + f2)((}‘l +ﬂh) f, —06.mA )(ﬂh +17,+a)

substitute (3.17) into (3.6) to obtain

. oT
Ri=—hh
" (/uh+01)

Consequently

R = 2y 8yl ( f, (’1; + f2)+ fo 2, + fs)"‘((ﬂf +ﬂh) fy _gléhnhﬂl*)ﬂgﬂ;uh N,

* * * .1
(4o +6,) (14, +§h)(/12 + fz)((@ +,Uh) f, —66mA )(ﬂh +17, +a) (3.18)
Then from (3.8) and (3.9) we have
S* — UAA;
(%) (319
I* _ ﬂ’;S;
m = . which is equivalent to
I* — A’:UAA\; .
" (22 ) (320

Substitute (3.19) and (3.20) into (3.7) to obtain

A )l A ZslaAn -
1- —(y+7,) AL =0
q{ thJ[(ﬂ§+ﬂm)+um(ﬂ§+ﬂm)J () A

or

¢(1 A J[ﬂmw\m;m:

kN, t (A + 1) J_(MWA)A“'

It follows that

A _ O ptttn+ 2011 ) = (paa + 710 1o (o + 1)
kN, (P(HmﬂAJrﬂf:’?A) .
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Consequently

KN (@ 2tn1a + Aatt ) = (224 710) i (s + )

A, = -
O ( tn1n + 271, (3.21)

Now we substitute (3.21) into (3.19) and (3.20) which gives

S = th77A (§0(ﬂm77A +/13*77A)—(/JA +77A),Um (ﬂ; +,Um))
: (2 + bt ) (a1 + 2577 (3.22)

o KNG (7 A1) = (B4 10) (A + b))

I* =
" Pt (A + 1t ) (Ll + 271,

(3.23)

Furthermore by substituting (3.16) and (3.23) into (3.10) to (3.12) yields

/11* = BB KN, 4377 (¢(ﬂmnA +/1377A) _(’UA _H]A)'um (/13 " H )) (3.24)

Nuttn (A + o ) Htln + 2571

B,A kN, A )~ .
P i hﬂanA(fﬂ(ﬂmni+%’7A) (”A+17A)“m(ﬂ3 “‘m)) (3.25)
Nu0tty (2 + bt ) (Mol + 24711

_ 21*B3ﬂhm ( f; (’12* + fz)"‘ fsﬂ’: + f3)+((j1* +ﬂh) fs _‘915h77hﬂl*)£”ﬂhNh
N, (/l: + fz)((ﬂ; +,Uh) f, _elé‘hnhﬂl*)(luh +17,+a)

A (3.26)

We substitute (3.24) and (3.25) into (3.26) to get
45 (A2 +BA +C)=0

It follows that

A, =0or (A4?+BA; +C)=0

where

A=—pf,N, (a+77h + 4, )ﬂm ((szuuh/um +kB,A,, ( f, _5h77h01)(€077A
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—(17n+ 1) 1)) = KB N, By (a4 73, + ) (@770 = (10 + 124
1o )@ Fattott + KBS, (£4 = 5,0,0,) (9110 = (14 + 10) 1))

B=—¢" f, TNyt (a+77, + 14,) 1, + KB, Ny By 18 gt (011 (70 + 1) ) —
kB, f,N, Bun sy (3+77, + ) 12 (0170 — (14 + 12) 11 ) — 0 TN, (@477, + 14,)
120 Futtott + KBSy (14 =300, ) (0710 = (110 + 144 ) ) )+ KBS (977 —
(77A+,uA)/,zm)(goBg(flf2+fg)ﬂhm,um+k82 o (Ba (T4 f5) B + 2N, (f, -
S10.) 140 ) (0110 = (1 + 12 ) 1))

C= _¢72 f, TNy 4, (a+77h + 4, ),U:q +kopB,B, ( ff,+ fs)ﬂhmﬂmhﬂnzq ((/”7A _(77A +luA):um)

+k 7B, TN Bt 15 (9110 = (174 + 120) 1)
Hence the disease free equilibrium is obtained when A; =0 and endemic when
AL’ +BA +C=0 (3.27)
For disease free equilibrium A; =0
It follows that from (3.23) 1. =0. Then from (3.24) and (3.25) we obtain
A =0and A4, =0.
Thus from (3.14) to (3.18) and then (3.21) to (3.23) we have

(1-7)N, (1, +6,)+6,zN, . 7 N, .

* *

S, = , S =—r b1 =0,T =0, R =0,
" My +0, & (/uh+92) " " "
A;:—thqv Sr’;=—kNhq and 1, =0

N Dhr,

Where q = (7,0~ (tp+77a) e )-
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Therefore the Disease Free Equilibrium (DFE) denoted by E, of the system (3.1) is

givenby E, = (Sm (t). S, (1).0,0,0,A,(t).S, (t),0)=

[(1_7Z-)Nh(/uh+02)+02ﬂ-N 4, N, OOOthq kN,q j

Ly + 6, y + 6, N7 (3.28)

3.5  The effective Reproduction Number R,
The dynamics of dengue fever disease is determined by the basic reproduction
number R, which is a key concept and is defined as the average number of secondary

infection arising from a single infected individual introduced into the susceptible
class during its entire infectious period in a totally susceptible population without
intervention while effective reproduction number R, is defined as the average
number of secondary infection arising from a single infected individual introduced
into the susceptible class during its entire infectious period in a totally susceptible
population with (Treatment) intervention (Driessche and Watmough, 2002, Lashari
et al., 2013), for if R,<1 the result is disease free-equilibrium and if R,>1 it means
that there exists endemic equilibrium point. The model system of equations (3.1) will
be analysed qualitatively to get a better understanding of the effects of treated

individual, careful and Careless human Susceptibles of Dengue fever disease.

The effective reproduction number of the model (3.1) R,is calculated by using the

next generation matrix of an ODE (Driessche and Watmough, 2002). Using the
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approach of Driessche and Watmough (2002), R, is obtaining by taking the largest

aﬁ(Eo)}{avi(Eo)T

dominant) Eigen value (spectral radius) of
( ) Eig (sp ) { o | ox

where, F, is the rate of appearance of new infection in compartment I, V."is the
transfer of individuals out of the compartment i by all other means and E, is the

disease free equilibrium.

(Blshl +B,S,, )ﬁmh In

' F |
? Baﬂth_hhSm

Using the linearization method, the associated matrix at DFE is given by

OF, OF
Zi(E Z1(E
()Ih( 0) ()Im( o)

OF, OF.
alh( 0) 0Im( 0)

This implies that

0
F= Ny
SITI
Bsﬁth_h 0
1-7)N +6,)+6,7N
with S, :( 7Ny (#4+6;)+ 0N . Sy, _ Ny g S, _kN.g H
/uh+82 My + 0, P en

0 [Bl(l—fz)(ﬂh+02)+927r+82 o, }ﬂmh
My + 06, Hy + 06,
B:Smkd 0
P,
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The transfer of individuals out of the compartment i is given by

e

Using the linearization method, the associated matrix at DFE is given by,

Yig) g,

o &) o
V= oV, oV, '
%) 2% (e
alh( o) alm( o)
. (,uh +n,+a 0 J
This gives V =
0 M,
B S
+7n,+a
with v = | #07 .
0 I
Hi
Therefore
0 (Bl(l—ir)(,uh+02)+92ﬂ+ anyhj 1 0
EV = Ly + 6, Ly + 6, i My 1, +a
B3ﬂhmkq 0 0 i
Pl Hm (3.29)

The eigenvalues of the equation (3.29) are obtained by solving

0-2 {Bl o (1=7) (44, +6,) + 0,75, + B, mh”ﬂh]
det(FV" —12) = det (#4+62) 0
qu?,ﬂhm 0-A

oy, (44, +1,+2)

This gives

22 :[ KB, B j( B, (1_”)(% + 62)"" 0,73 + By B j
Pty (#4+ 1, +2) (440 +6,)

consequently



45

_ [ kaB, B ][ BB (1_72')(/‘41 +92)+92ﬂﬂmh + B, Bt ] or
DOty (1uh +1,+ a) (,Uh +gz)lum

A, =— ( kaB, By, J( B, Ln (1_”)(:uh +‘92)+‘927Tﬁmh +B, mh”ﬂhJ
Ol (,Uh +1, + a) (ﬂh +92)1Um

It follows that the effective Reproductive number which is given by the largest

Eigenvalue for model system (3.1) denoted by R, is given

R — ( kaB, B ][ B, Bn (1_ ”)(/’lh +6, ) + 0,7 + By Brn 7t ]
) Ot (,Uh + 17, +a) (,Uh +02):um

But 0 =—((4p+17) Hoy —7100)-

Then
_ —KBs By B ((IUA + 77A):um - 77A§9)( B, (l_”)(ﬂh +0, ) +0,7 + By, )
i opt (14 + 11, +2) (14, +6,)
or
R :\/ _kBSﬁhmﬂmht
: (Dﬂri (/Uh +17, +a)(ﬂh +‘92) (3.30)
Where

t :((/UA +77A):um _UA(D)(Bl(l_”)(ﬂh +6’2)7”927hL Bz”ﬂh)
Model System (3.1) has infection-free equilibrium E, if R, <1, otherwise endemic

equilibrium exists.

3.6  Local Stability of Disease Free Equilibrium Point

The disease free of the nonlinear model system (3.1) is given by
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=(8,, (1).5,, (1).0,0.0,A,(1).S,, (1).0)=

((l—fz)Nh(yh+02)+027zNh N, ooothq kN, g

] from (2.28)
My + 06, Hy + 06, NAP Pl

Theorem 3.1:

The disease free equilibrium of the Dengue fever disease of model system (3.1) is

locally asymptotically stable if R, <1 and is unstable if R, >1, that is Dengue fever
disease can die out from the community if R, <1, and can persist in the community
if R, >1. Local stability of DFE point is determined by the variational matrix Jg of

the nonlinear system (3.1) corresponding to E; as follows,

Let

ds,,
dt (1 ﬂ-)#hN Blﬁmh hl ll'lhsh1+9R +HS Ql(shl1shz1Ih’Th1Rh!An!Sm’|m)

ds |
d:z :ﬂ-;uhNh_Bz mh N_mSh2 —/JhShz _025h2 :QZ(Shl’Shz’Ih'Th’Rh’An!Smilm)

dl |
(B8, +B8, ) B (4 +2) 1, =Qu (S, S, 1 T RyA, S L)

h

dT,
d_::nhlh_(ﬂh+5h)Th:Q4(Shl’shz’Ih’Th’Rh’A“’Sm’Im)
dR, == 8T, —(t +6) R, = Qs (84, Sy, 10 T Ry AL S )
dt h 1 h 5 h?*~h,? h? h1"th? '~m? m (331)
d
B o1 (5 1)) A =05, S TR AL )
h
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dt h

di I,

E: BSﬂth_Sm_:umlm :QB(Shl’ShZ'Ih’Th’Rh’An’Sm’Im)
h

It follows that,

[ oQ, 0Q 0Q, Q
DB e ) e

Q, 0Q, Q, oQ,
wi(B) or(B) SEE) EE)

Qs Qs 0Q; 0Q;
ashl(E°) aShZ(EfJ) alh(E") aTh(E")

2Q, Q, aQ, aQ,
SE) f(E) FE) TE)

“Tloa ey Qe R,
SE) e ) TE)

0Q, Qs Qs Qs
wo(B) r(B) JEE) THE)

aQ7 aQ7 5Q7 8Q7
wi(B) () FHE) FHE)

Q) Q) Qe
SR FHE) THE) )

ds I
— = 1aA, _[B3ﬂhm N—h+,um]8m :Q7(Shllsh2’Ih’Th’Rh’An’Sm’lm)

Q) Qg
T(E) S2(E) C2(E)

oA, as,,
0Q, oQ, oQ,
T(B) SH(E) SR

R,

R,

oR,

oR,

R,

0Q,
ﬁ( E)

% (,)

oA,

oA,

oA,

oA,
0
oA,

0Q,
o (E)

0
0

am

a 3 a 3 a 3
D(6) 22(E) ()

oQ, oQ, oQ,
%) T(E) S2(E)

0 0 0
2(E) S2(E) S2(E)

a 6 a 6 a 6
% (E) S2(E) S2(E)

% (g,) (g,

Sm

2 (E,)

oQ, ]
ol (B)

oQ,
ol (B)

oQ,
al, (B)

oQ,
al, (&)

Qs
al, (%)

oQ,
ol (B)

oQ,
al, ()

0Q,
()

Hence the variational matrix of the nonlinear model system (3.31) is obtained as

—u 6, 0 0 6, 0 0 A
0 -6,-u, 0 0 0 0 0 —7BoPumth
0, + thy,
0 0 -—a-n-u O 0 0 0 B
0 0 nh —5,-u, 0 0 0 0
520 0 0 s, —6-u, 0 0 0
N q q q
0 0 0 0 0 Na—Hpa=— @——  @-—
lum ’7A nA
0 0 _ kaBoS 0 0 Ma —U 0
P
0 0 kaByf, 0 0 0 0 —u,
Pty

BB (0, — (=1+7) 11,)
0, + 1,

Where, A=-

B— Bon (7B 4, + B (6, — (1+ 7) 14))
0, + i,

(3.32)
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Thus the stability of the disease free equilibrium point is clarified by studying the
behaviour of J in which for local stability of DFE we seek for its all eigenvalues to
have negative real parts. It follows that, the characteristic function of the matrix
(3.32) with 4 being the eigenvalues of the Jacobian matrix,J¢ , by using
Mathematica software the Jacobian matrix has the following values:

A==ty Ay ==0,—p,

The other eigenvalues are given as

=) | when o is not a real number

1 1

Ay ==0, = th As = =0, — i,

=\ | when v/o is not a real number

1 1

2, =—2L(Q+ﬂm(’7A+#A+/lm)+\/Z) when /& is not a real number and

m

finally

A4 Z_ZL(CH#"‘(UA + o, +#m)_\/;) when /o is not a real number

m

Where, o = 4k 7B, B, B Bt + 4KAB, By By B (6> —(—1+7) 1),
+ (0, + 4ty ) (B + 17, + 4ty — 1)) 1y,

0 =7 +20 (15 + 1) ph + (=B + 175 + 125+ 21, (204 11,)) 12, =27 + 11, 115 + 18
Therefore the system is stable since all the eight eigenvalues are negative. This
implies that at R, <1 the Disease-free Equilibrium point is locally asymptotically

stable.
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3.7 Global Stability of Disease Free Equilibrium Point
In this section, we adopt the idea of Ozair et al., (2013), to analyse the global
behaviour of the equilibria for system (3.1). The following theorem provides the

global property of the disease free equilibrium E, of the system. The results are

obtained by means of Lyapunov function.
Theorem 3.2: If R, <1, then the infection-free equilibrium is globally
asymptotically stable in the interior of &
Proof:
To determine the global stability of the disease-free equilibrium point, we construct
the following Lyapunov function:

L(t)=—kB,B.tl, (t)+ @ (24, + 17, +) (24, + 6,) i1, (1) (3.33)
Calculating the time derivative of L along (3.33), we obtain

L (t) = —kB,Sntl, (1) + @ (2t + 17, +2) (4, +6,) 1), (1)

Then we substitute 1, (t) & I_(t) from system (3.1) to obtain

‘ |
L (t): _kBaﬂhmt[(Blshl + sth2 )/Bmh Ni—(ﬂh +17, +a) Ih]'l'

h

|
o, + 11, +a) (4 +6,) {Bsﬂhm N—“Sm —ﬂmlm)
h

Consequently

_kB3ﬂhmt ( Blshl + sth2 ):Bmh 1}

L t =@l +n,+a) L, +0. /um/umlm -
() ( h h )( h 2) [Nh¢(ﬂh+nh+a)(ﬂh+92)/’lm/’lm

|
(,Uh + 17, +a) BB [k“h +§D(ﬂh 'H92),Um N_hSmJ

h
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—kB. t

But Rez — 3ﬁhmﬂmh © Then
Dbty (10 + 0, ) oy (14 + 17, + )
B,S, +B,S
L (t)= @ (t + 77, + )ty + 6,) ) [( - hl; Sn) R? —1J
h
Pt (1tn + O) 11, RS " " TN, T
implying that

L ()= @ ( tt + 77 +8) (s +6,) st (VTR +1) (VTR ~1)

kB32/8hzmﬁmht (
2

|
m h 2 m’ ‘e

Nh
Therefore

L ()= =@ty + 77 +3) (g + 6,) il (TR, +1) (1= TR, )

h

2 2
— KBy S Bt > (kﬂh +¢’(,Uh +‘92),Um I_hsm]
¢/’lm (/uh +92)/umRe N

Where f = (BiSy, +B.S,,)
Nh

Thus, L'(t)is negative if R, <1 and L'=0if and only if |, =1, =0is reduced to the
DFE. Consequently, the largest compact invariant set in {(Sh1 : Shz, L, T., R,, A,,

Sp: In) €Q, L'=0}when R, <1 is the singleton {E,}. Hence, by LaSalle’s

invariance principle it implies that"E," is globally asymptotically stable in €2

(LaSalle, 1976). This completes the proof.
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3.8  Existence, Local and Global Asymptotic Stability of Endemic
Equilibrium

Since we are dealing with presence of dengue fever disease in human population, we

can reduce system (3.1) to a 4-dimensional system by eliminatingT, , R, A, and S,

respectively, in the feasible region Q. The values of S_ can be determined by setting

S =mN, —1 1o obtain

dS
T (1 ﬂ)th Blﬂmh h1 ,uhS +8R +€S
dShz I,

at = 714, Ny, = B, B, N_hsh2 _:uhshz _ezshz

dIh I,

_t:(BlSrll+BZSh )ﬂmh N ~( sty +m, +a)1,

h (3.34)

dl 3ﬂhm (mN I ) lum[m

dt N,

Then we set
ds, dS, di, dl

Then the model of system (3.34) has a unique endemic equilibrium given by

E =(S;.S;, 5. 17) in Q, with

*

I'\I—ms;; 1S, +OR; 46,5 =0

h

mh

(1—72'),uhNh -B,

*

I *
74, Ny = By Sy - Sy, — g

- ;. ~ 6,5, =0 (3.35)
Nh
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*

. - | -
(Blsh1 + sthz)ﬂmh N_m_(:uh +1, +a) 1, =0

h

*

I * *
Bs‘ﬂhm N_h(mNh _Im)_:umlm =0
h

3.8.1 Existence of Endemic Equilibrium Point
Existence of endemic equilibrium depends on the quadratic equation (3.27), that is, if

it has positive roots. The sign of the roots depends on the sign of A, Band C

From (3.27) we have A4”+BA, +C =0 where

A=—pT,N, (a+m, + ) bty (@ F sttt + KB By (£4— 872,60, ) (017, —
(7 + 122) 1)) = KB,N, By (8+ 7, + 1) (9 — (1 + 124 1)

(0 uttnttn + kBB, (1= 306,) (010 = (110 + 124 ) 1))

B =~ f, f,Nyut, (@1, + ) 15, +KroB, N, B g1, (011, = (ma+ 1) )
—KeoB, f,N, Bty (+73, + ) 112 (@110 = (174 + 14 ) 1y ) — 0 N, (24
Mo+ ) 120 Bttt + KB, (1= 57,0,) (@110 = (4 + 14) 1))
+KB, B, (011 = (114 + 114 ) 11 ) (9B5 (£, T, + £5) Bt + KB By,

(By(fy+ 1) B + 2N, (o =508 ) ) (@770 = (10 + 120) 1))

C=—¢"f, f,Nyst, (@+17,+ 14, ) iy + kBB, (1, T, + £5) BBt (971

— (170 + pp ) )+ K@B, N, By 185 (@11 = (1 + 0) 1)

Now expressing A, B and C in terms of R, gives

A=—pT,N, (a+ 1, + 11, ) o (9 Futto s +KB B (£ =S, 0) (@100 —~(1a + 144) 1)) ~KB,N, By
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(@+ 1+ 120 ) (@10 = (70 + 1) 10 ) (2 Fattostt + KB By (£4 =560 (010 = (110 + 120 14 ))
or
A=—pf,N, (a+77h +ﬂh)ﬂm ((Dfmuh,um +kB,B,, ( f, _5h77h91)q)_

kB,N, B, (a+77h +ﬂh)Q(¢f4ﬂhﬂm +KkB, B, ( f, _5h77h‘91)Q) then
A=gpf,N, (a+77h + 4, )ﬂkalﬂmhq5hUh‘91 +KkB,N, 8., (a+77h + 4, )qulﬂmhq5h77h01
—kB,N, B, (a+77h +:uh)qulﬂmhqf4 -pf,N, (a+77h + 44, ):ukalﬂmhqf4

—p Ny (@+7, + 14, ) pro@ T ot 10, —KBN, B (@417, + 14, ) A Fy 0 1,
It is follows that

A=t _(kBZNh o (877, + 44, ) OKB, B, af , +KB,N, 3, (@+ 17, +ﬂh)q(ﬂf4ﬂhﬂm)
—(a+n, +u,) TN 1,0 F, (@141, + kBB 1)

Then

~ kBN, A (KB, B0 + @t 1) B 1J

A=t +(a+mn, + ) oN, 4, f4((/’ﬂhﬂm+k81ﬂm“q)£ f,N o (0t 11, + KB S10)
2 Ny hAm 1/~'mh

or

_ﬂmhthq ( BZ(D4IUh/Jm + BZKBlﬁmhq) _
@ T,No st (2t + KB, Bry01) implying that

A=t1+1t2

A=t1+1t2

N, (B, 24ttt + BKB, S @) (4 + 770 +8) (4 + 0y ) i 2 _1J
f,Ny 1, ((P,Uhﬂm + kBlﬁmhq) By St :

consequently
A=t +t,(t;R? -1)
therefore

A=t +t, (LR, +1)(JL R, ~1)

in case of B we have
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B= _§02 f, f,Ny 2, (a+77h +ﬂh)/v‘§1 +kmpB, f,N, mh:utflum (§077A _(77A +ﬂA)ﬂm)_k¢Bz f,
No Bt (3+13, + 141 ) 115 (9118 = (11 + 124 ) ey ) = @ Ny (@t 17, + 0, ) 12l (@ F oty pt, +
KB (T4 = 100) (@174 = (7a + 0) 1))+ KB By (9173 = (17 + 12 ) 1 ) (#B5 (1.,

+f3)ﬁhm:um +kB, mh(BS( f,+ fs)ﬁhm +7N, ( f4_5h77h91),uh)(¢77A_(77A+IUA)/Um))

or

B = kB, f,N, Sty 11,0+ @ N, (@477, + 14, ) 11 KB, 3,1, 5,17,6,0 + KB B, 4B,
(T, + ) Bunttey + KBS, 0KB, 3,,.0B, B ( , + T ) +KB, 3,1, 0kB, B, 0N, 4, £,
~" , TNyt (@477, + 4,) 11— k@B, TN, Bty (8477, + 14, )
~p TN, (@+7, + 14,) tin @ Futto e — 9 TNy (@477, + 14,) £, KB B,

—kB, B,,aKB, B, 07 N, 5,717,044,

It follows that
B=t,+1; _(k¢Bz Ny B (a+77h +,uh)/u§1q +of,N, (a+77h +luh)/urikBlﬂmhqf4
+kB,3,,0KB, B, a7 N, 6,717, 0,44, ) - 2(02 f, f,N, (a‘H?h + 4y, ):ur?vuh or
2 2
B=t,+t;— kﬂthhQ(¢Bz fu, (a+77h +luh)lum +of, (a+77h + 44, )/umBl f,

+B,akB, 8,1, 75, 17,0,14, ) — 2¢0° £, £, N, (a+13, + 14, ) ptoo
then

B=t, +t;+2¢°f,T,N, (a+mn, +,Uh)ﬂ:uuh X

—K BNy ((/’Bz fou, (a+77h + Uy )/Uri +of, (a+77h + 4y ),unzq B, f, + B,OkB, S 76,77, 0, 14, ) 1
20 £, £,Ny (a+7, + ) ity

or

B=t,+1; +2¢’2 f, TNy, (a+’7h +:uh):u|?1:uh x



55

N.qg ((/’Bz fou, (a +1, + 4y ):uri +of, (a 17 + My ) ,Urf] B, f, + B,akB, B, 70,11,0.44, )(ﬂh +6, )
201, £,N, 44,14, B. Bt

RZ-1
consequently
B=t,+t;+t(t;R? -1
Therefore B=t, +t; +t;(t,R, +1)(t,R, —1)
For the case of C is
C=—¢" 1, {,Nys, (@+17, + 44,) i +K@BB; (1T, + T3) B Buntlen (971,
—(11a+ 10 ) 11 )+ K720B, 4N B a2 185 (9110 = (11 + 144 ) 1)
then
C =", TNyt (@+ 7, +14,) iy +K@BB; (11, + T3) A Buntin + kzoB, TN, By i 1170
or

§02 f, f,N h/uhlurikﬁmh B, Bt
(,Uh +6, ) (/’Re2

C =kgB,B, ( f,f,+f, )ﬁhmﬂmh:uriq +kzepB, f,N, mh/uﬁ:uriq +

It follows that

B3ﬂhmﬂmh¢Bl( ff,+ fs)ﬂ;q +1J
or

C=k N, t8
P h(P,Um Fabl [ kﬂmh(”ﬂrﬁ f 0, N, t8

@B, (f.f,+ ) 10 (p, +6,) (e, +1, +2) R? +1j

C=k N,t
B h(/Wm fut, ( KB, f N Lt

consequently

=t (—t,R? +1) or  C=t,(1-t,R?)
Hence Cz@(lﬂﬂ&)(l—ﬁ&)
where

t =¢f,N, (a+77h + 4, ),ukalﬁmhq5h77h01 +KkB,N, 8., (a+’7h + 4, )qulﬂmhq5h77h91
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t, =(a+n, +u, )@ f,Nyu, f, (@10, +kBS,10)

Q(Bz¢4ﬂhﬂm + BZKBlﬁmhq)(:uh +17, +a)(:uh +‘92)/um

t =
’ f2 (Quhtum + kBlﬂmhq) B3/8hmt

ty =+K7B, T,Ny Bty 1,0+ 0 TN, (3417, + 14,) 11 KB By 577,010
ty = +KB. 3,098, ( T T, + T ) Byt + KB GKB, By, 0By oy (T + Ty ) + KBy, OKB, B, 02N, 4, T,
to = 20" f, T,N, (a+77, + 14, ) ity

{ q ((Z)Bz f,u, (a+ T+ 4y, ),Uri +of, (a+ T + ),Uri B, f, + BakB, B, 70, m, 0,44, )(:uh + ‘92)

! 201, f, 04, 14,B, Bt
f,B.5. t
ty = {ﬂBzuhq Wﬂ:;%} oty =KBoun fua Nty o a= (01— (10 + 22) 1)
_ €0Bl( ff,+ fs)ﬂ;Q(ﬂh +92)(/1h +1, +a) R = |- KB Bs Bt
° KB Tatty Nptet ) (,Uh +1, + a)ﬂnzq (,Uh + 92)(”

f1:(1_77)ﬂhNh(ﬂh+91)(,Uh+5h)(,uh+77h+a) fzz(ﬂh+‘92)
fs = 66, mmu N, 3= (:uh +01)(,Uh +5h)(luh 1 +a)02”ﬂhNh

fy :(ﬂh +‘91)(/1h +5h)(:uh 1, "'a)

It is observed that the coefficients A, B are non- negative if R,>1 and C is positive

B++/B?—4AC

2A

if R, <1, Cis negative if R, >1 so that A= — from (3.27).

Therefore the model has :
i) Unique endemic equilibrium if R, =1 implying that C =0
i) Unique endemic equilibrium if B >0 and C=0 or B*-4AC=0

iif) Two endemic equilibria if R, >1 andC < O0implying that 4AC <0
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iv) No endemic otherwise

It is clear from (i) and (ii) that the model has a unique endemic equilibrium. Further,
in (ii1) indicates that the model has two endemic equilibria.

This is illustrated by simulating the model equation (3.1) with parameter values in
Table. 3.4.

Figure 3.2. Shows a forward bifurcation

x 100
9 T T T T T T T T
8 Stable
EE
7 | - -
6 | - -
Stable
5k DFE i

Unstable

DEE Stable -

Force of infection,kS*

0 1 2 3 4 5 6 7 8 9 10
Effective Reproduction number, Re

Figure 3. 2: Forward bifurcation

From figure 3.2, shows the two equilibrium points exchange stabilities depending on

the value of R, . A transcritical/forward bifurcation in the equilibrium points occur at
R, =1. IfR, <1, disease free equilibrium point exist i.e. no endemic equilibrium
exists. But if R, >1, the endemic equilibrium exists. Thus there is a forward

bifurcation because in the neighborhood of the bifurcation point, the force of

infection is an increasing function of R, as shown in figure 3.2.
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3.8.2 The Endemic Equilibrium and its Stability
Here, we study the stability of the endemic equilibrium points. If R, >1, then the
host-vector model system (3.5) has a unique endemic equilibrium given by
E"=(S,.Sr, . In.15) in € with
Sn = (M +BiNZ B Bt (B, (20, + (2= 7) 14,) = B (6, + (21— 7) 14 ) ) +
NiBn ((8+72, + £4,) (B, (26, + £4,) = B (6, + £4,)) 4 + M +(2B, — B,)

B, BomO (6. + 4,) R:)_'_\/(Nr?ﬂrih (48182/41 (a+77, + £4,) (O + 24,) £ty

kB 18 mﬁm t *
[(P(,U 3_|_T9 )/uh R? +m+ By, (Nh/uh +0R, )j"‘(Bz,uh (—=m7z — BN, By it
h 2 m' ‘e

+(a+77h +/uh)/um)+Bl((a+77h +/"h)(‘92 "‘ﬂh)ﬂm _m_B?,Ima(Nh/uh (‘92 -

(_1+7[)ﬂh)+91(92 +#h)R;)>)2jjj/(2m+(Bz o Bl)B3Nhﬁhm'Bmhﬂh (92 +'uh))'

*

2 2
P (14 + 17, +A) (14, +0,) RS
Sy, z(m+ B3NhZIma18mh/’lh7Z'leLlh+ ( n hk,B )t( " 2) N ;> Bron 4, B
mh

KB.A. St
0, +(1+rx +N a+n + B.u +B S/7hm/Zmh +m+
(02 (L) )+ Ny mh[( h #h)( ot 1ﬂm(ﬂh+f7h+a)¢me§Jﬂm

) 2
oty (4 + 77 +2) (44 + 6, ) RS -
(ﬂh nhkﬂ )t('uh 2) Bﬂl(@"‘ﬂh)RhJ—i_\/(Nﬁﬂ;h (4Ble,uh (a+77h +’uh)
mh

(6, + 1) 4y ((0(/1 Sf'g)ﬂ;h R +m+B,f, (Nh/uh +OR, )j"'(Bzﬂh (-mz —
h 27 m’ e

ByN St +(3-4‘77h +/uh)/um)+ B1((a+77h +,Uh)(02 +ﬂh)/1m -m-B,4,, (Nh/uh (‘92 -

(—1+ 7z’),uh)+6’l(t92 +ﬂh)R;)))ZDJ/(2m+(BZ —B,) ByN,, Bon Bt (6, +uh))
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R /lekﬂmht
K Bontm + oueg, (ttn +170 +2) (14, +6,) RS

. 2 (u, +n, +a)(u, +6,)R
I = (m"‘ (4 nhkﬂ )t(ﬂh 2 N B (”Bzﬂh + B1(92 +(1-7) ))"'
mh

(Quri (,”h +n, + a)(,”h "'6’2)Re2

N B ( B ot (Bzﬂh +B, (6, + 1, )) +Mm+

oty +0,) 1, R Ko
. kB m/~—m t
Blal(ezwh)Rh)w[Nsﬁnih (48182uh(a+m+ﬂh><‘92+*‘h)“m[¢<ﬂf+ﬂ?az>ﬂﬂlR:

+m+B,f,, (Nh:uh +‘91R;)+(leuh (_mﬂ'_ B;N,, oty +(a+77h Ty ),Um)"'

B, ((a+72 + 24,) (6; + 1) 1y =M = BBy (Nt (6, —(—1+77) 14,) +
6,(6, +ﬂh)R:)))2D]/(ZBlBZ 2 ((a+77h + t4y) o +M(NTR, +1)(VTR, —1)))

WhereT = Wlnzq (ﬂh +7, +a)(:uh +02)(Nh:uh +91R:) |
mkﬂmht

RZ — _kBSﬁhmﬂmht
) PH, (/Uh +‘92)/Um (/uh + 77 +a)

3.8.3 Local Stability of the Endemic Equilibrium
In order to analyse the stability of the endemic equilibrium, the additive compound

matrices approach is used, using the idea of Lee and Lashari, (2014). Local stability

of the endemic equilibrium point is determined by the variational matrix J(E*) of

the nonlinear system (3.34) corresponding to E"as follows:
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dS I* * * * *
d—t”:(l—n)thh ~ B - S; ~ S, TOR +6,S, =G,(S,.Sy, In:ln)
h

*

ShZ Im

at = mu, N, =B, th_hS; _ﬂh8;2 _‘928;2 =G, (Shl’shz 'Ih'lm)
o] . . I, "
d_th:(Blshl + BZShz)ﬁmh N_m_(,uh +1, +a) Ih :GB(Shl’ShZ’Ih’Im)
h
dl I, . .
d_,:]:Bsﬂhm N—h(mNh _Im)_(/um)]m =G, (Shl’Shz’]h’Im) (3.36)
h

It follows that

0G, v\ 0G| [\ OG,  x\ 0OG, [«
D) DE) TE) P

0G, (x\ 0G, (—«\ 0G, —«\ 0G, /_«
L) SHE) FHE) FHE)

aea(E*) aGS(E*) GGS<E*) aea(E*)

oS, oS, ER ol
0G, ey G, [y 0G, ey 0G, /.
DE) E) D) D)

Hence the variational matrix of the non- linear model system (3.36) is obtained as

* *

BS.S
o= Blﬂmhlm 92 0 _ 1ﬂmh hy
N, N,
* B S*
0 —492 — M, —% 0 _$
J(E')= " o 337)
B1ﬂmh|m Bzﬂmhlm A _ ﬂmh(Blshl + sthz)
N N a—1p — Mty N
h h h
B,3,. | B3, I
0 0 mB.3. ——3fmim  _, _ 28Fhmh
3ﬂhm Nh :um Nh

The following lemma was stated and proved by McCluskey and Driessche (2004), to

demonstrate the local stability of endemic equilibrium point E” .
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Lemma 3.2:

Let J(E") bea 4x4 real matrix. If tr(J(E*)),det(J(E*))and det(J[Z](E*))are

all negative, then all eigenvalues of J(E*)have negative real parts.
Using the above Lemma, we will study the stability of the endemic equilibrium.
Theorem 3.3: If R, >1,the endemic equilibrium E” of the model (3.34) is locally

asymptotically stable in Q

Proof:

From the Jacobian matrix J(E") in (3.37), we have

* *

tr(J(E*)):_'uh _BIN—TIm_Hz_,Uh - 5, NTIm —a—71, — Hy
_ B3:ma|; <0

h
and

det(‘J (E* )) - Nla (¢ﬂk28(fh1ﬂ6;nh)tRz (Nh,um + Bsﬂhml;:)(Nh,uh + Blﬂmhl;)
h m h 2 e

(Nh (6, +u,)+ Bzﬁmhl;)+ By B B (mNh - I;)(BZNh (6, +/Uh)s;2

* *

+Bl(Nh(6?2 +14,)S,, +B, mhIm(Shl +S,, ))))<0
Thus det(J(E*))<0if R >1

_kBSﬂhmﬂmht
oun (4, +6,)RS

where (g, +7, +a) =

Hence trace and determinant of the Jacobian matrix J(E*)are all negative.

The second additive compound matrices are obtained from the following lemma.
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To establish the second additive compound matrix (J[Z] (E)) of the Jacobian matrix

J(E™), the following will be considered.

From the Jacobian matrix J(E"), the second additive compound matrix (J[Z] (E)) is

obtained by taking the coefficient of X from:

detN[1,21,2]
detN[1,3/1,2]
detN[1,4]1,2]
detN[2,3|1,2]
detN[2,4(1,2]
detN[3,41,2]

detN[1,21,3]
detN[1,31,3]
detN[1,4/1,3]
detN[2,31,3]
detN[2,4/1,3]
detN[3,4/1,3]

N=[J(E*)+IX}:

This is equivalent to

detN[1,21,4]
detN[1,3|1,4]
detN[1,41,4]
detN[2,3|1,4]
detN[2,41,4]
detN[3,411,4]

where N, = [J(E*)+ IX] and I is identity matrix. It follows that

detN[1,2]2,3
detN[1,3]2,3

] detN[1,2]2,4]

]
detN[1,4]2,3]

]

]

]

detN[1,3]2,4]
detN[1,42,4]
detN[2,3]2,4]
detN[2,4(2,4]
det N[3,42,4]

detN[2,3(2,3
detN[2,4/2,3
detN[3,4|2,3

*

detN[1,2|3,4]
detN[1,33,4]
detN[1,4/3,4]
detN[2,33,4]
det N[2,43,4]
detN[3,4|3,4]

- Bl 6, 0 _ BBy
N, N,
* B 5"
0 _ez_ﬂh_BZﬁmh m 0 _ Zﬂmh h,
Ny, N, N
Blﬁmhl; BZﬁmhI; —a-1, — ﬂmh(BlS:ll + BZS;)
N, Ny, N,
B I B N
0 0 msgﬁhm_% - 3/’f|hm h
L h h _
X 0 0 0
0 X 0 0
0 0 X 0
00 0 X
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i - BA.S |
A Blﬁmhlm +X ez 0 _ 1ﬁmh h
N, N,
. B,A.S,
0 0,y — 22Pnln 0 _BofwSy,
N: Nh Nh
Bl Bl ey ey (B BSY)
N, N, noom N,
B.A. I B.A. I
0 0 mB, B, ——2Lmm =8P ¥
L o N, N, i
A Blfirlnhlm X 02
Then detN[1,2]1,2] = " )
O _92_ h_BZﬂmh|m+X
Nh
B N B I”
or detN[1,2|1,2]:[—ﬂh—%MJ[—@—%—%M —0 then yield
h h

detN[1,2|1,2]=(_luh _%+ X][—HZ - Boluln Xj

h

Consequently

detN[1,2|l,2]:[_luh . Bllﬁlnhlmj
h

*

(ﬂBﬂN_' x{_gz_ﬂh_szﬂmhnmjmxz
h

Take coefficient of X and obtain

M + _92 _:uh _ BZIBmhIm
N, N,

Bfl B, |
Therefore detN[1,2|1,2]:_ﬂh_%_@_ﬂh_ Sl ey

h h

detN[1,2|1,2]:[_ﬂh_




64

_ h_Bl(l_uz)ﬂmhlm_l_X 0
detN[1,2[1,3] = N, o

0 0

detN[1,2]1,3] =| —p, + Bl(_“’\‘:z)ﬂmh'm + xjo-o
h

Therefore detN[1,2|1,3]=0

Other determinants will be calculated in the same way to obtain the following matrix

an 0 BZIBthh2 0 Blﬂmhshl 0
N, N,
B,A., I B.A., S,
zNih Ay Ay ‘92 0 - Nh .
h h
B I’
0 mBs:ma _% a3 0 Hz 0
Y= h
E * *
B,f.S
Blf\lmh I 0 0 a, a, zi]nh by
h h
By
0 0 0 mBe:ma _$ 855 0
h
0 0 Blﬂmh I m 0 Bzﬂmh I a66
L N, Np J
B I B I
Where a:l.l =—u, 1/“mh " m ), — U, 2/”mh ' m
Nh Nh
Bl B (Bls;l +B,S;, )
Ay = P — A — 77, — 244, By = :
N, N,
— _ _ Blﬂmhlm Bsﬂhmlh
gy = =y = gy ==
Nh Nh
B (o B (BlS:l + st;)
Ay =—0, — py ——= T —A— 1 — fy, By =
h Nh
B3ﬂhm|h

66 — A~y — My — My —

BoBn I Byfmn _
—yy ——2Fmh’m _, _Z3Fhm’h g _
/Ll Nh /um Nh Nh
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Therefore, it gives

det(IP(E"))= —%(Bgﬂhmﬂmh (MN, =12 )( RS (MN, =17 ) F + (N, (a+7, +244,) +
h

BBl ) (B, BV +(Ny (377, + tty + 1)+ By By ) (No (280 + 8, )
+ByBonly + BBl )(No (6, +214,) + (B, + B, ) Bl )(BS;, +B,S;, )+
(BnBuIoBL (N, (4 + #4,)+ BuB1, ) Sn (VOR, +1)(VOR, ~1)+ B,
le\lhezs;;))))+(Nh(92 4 )+ BBl 4B 1) (G+N, (2, +

to+ 1) (VYR 1) (YR, —1)( fREBB,N, Byl (MN, — 111) S5 +
(N, (a+7, +0,+2u4,) + Bzﬁmhl;)((Nh(amh +2/4,)+ B, 17)Q

+(B§B3ﬂhmﬂmh (mNh - I;)ﬂmhl;s;; + fRez (mNh - I;)\] ))))j<o where

f— (4t + 170 + )Pt (14, + 6,) 11, _ Bll;srz f
kt (Nh (,Uh +/Um)+ BBﬁhth)Shl BktSn,

F = (B,(N, (a+77, + 4, + £4) + By B 1) Siy + B B 1S +
B, (N, (a+7, + 44, + £2,)+ BB 11 + B, mhl;)ssz)
(BaNw (6, +24,)S), +B.(N, (6, +224,) S}, + Bofinli (S + S0, )
= BB B (8 15) 15Ny (9200 (B B )
(Bu(Nw (a7, + 0 +244) + Bofou 1) i, + BaNL6LS, )
J:(Nh(ez+2,uh)+(Bl+Bz)ﬂmhlr:1)(Bls;;+BQS;2)

\Y :(Nh (92+2/"h)+(Bl+Bz)ﬂmh|:1)(Bz(Nh (/’lh +/um)+
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BBﬂhm|;)+ Bl(Nh02 + Bzﬂmhl:;))s;

Q=(Ny, (& + sy )+ By I + BB 11 ) (N, (6, +214,) +(B, + B, ) B 1)

y = fI; , R2 — _kB3ﬂhm/8mht
Nh(a+77h+,uh+,um)ktﬁmh © (2] 259 (ﬂh"“gz)ﬂm (/Jh"‘77h+a)

Thus, from the lemma 3.2, the endemic equilibrium E of the model system (3.34) is

locally asymptotically stable in Q.

3.8.4 Global Stability of Endemic Equilibrium Point (EEP)

Theorem 3.4:

If R, >1 the endemic equilibrium E” of the model system (3.1) is globally

asymptotically stable

Proof: To establish the global stability of endemic equilibrium E™ we construct the

following positive Lyapunov function V as follows:

V (S, S I To R AL Sy &I ) = (S, =S5 InS; ) +(S, =S, IS, )+(1,— 17 In1, )+

(T,~To InT,)+(R,—Ry IR, ) +( A, — A, In A ) +(S, =S IS, ) +(1,- 17, In1,)(3.38)

Direct calculation of the derivative of V along the solutions of (3.38) gives,

S ds,, S, \ds N
dV (S Sh ’ h1Th1Rh1AT| S &I ) 1__ + 1_£ e + 1—I—h %4-
dt S, ) dt S, ) dt ) 1,

R
dt dt A ) dt S, ) S. dt

Consequently
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0V _(5,-5,)85, (S-S, |08, (1,1 d (T, o,
dt s, ) dt N I, ) dt T, ) dt

R R’ dR, | A —A dA, | S, —S,, dS, (I —1,\dl,
R, ) dt A, ) dt S dt I, ) dt

m

Substituting S, =S, =S, . S, =S, —-S, . =l -1, , T, =T,-T,,

R,=R -R,A =A —A ,S =S —S.and I_=I_—I into (3.1) gives

% -y, } R)+0,(5,51)
djt“ZﬂuhNh—[Bz (o1 +,,h+9}

%=(Bl(5hl S1)+B2(Sh, =51, ) B N—h (-, +a)(1,=17)
%wh(lh—'E)—(ﬂh+5h)<Th‘Th*)

0R

d_th:5h (Th _Th*)_(ﬂh +‘91)(Rh _R;)

%_q{l_MJ((sm =S0)+(1n=10)) (0 +7) (A - A,

dt kN,

S (A-A)- { a5, ") )+ﬂmJ(S ~S,)

dt N,

do:t 3ﬂhm( Nhl*)(s =S5) =t (1n=12)

It follows that

(jj—\t/:f1+f2+f3+f4+f5+f6+f7+f8 (3.39)



S-S
f1:[ th hlH(lﬁ)ﬂh'\lh B, mh(
hy

S -S
f, :( th L ]{ﬂ-ﬂhNh —| BB (
hy

]{ e

{5h (Th _Th*) - (ﬂh

kN,

oS {UA(%AZ) [

m h

[
B il (R R SR T
&
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|ml;| )+ﬂh](shls;;)+91(RhR;)+92(sh23;2)}(3.40)

h

L1
_ )th}(s 3;2)} (3.41)

h

| -1
S;))ﬁmh¥_(ﬂh +1 +a)(|h - |:)} (3.42)

(o= j 2 (1n = 10) = (e +6,) (T T} (3.43)

+0)(R,-R))}

(3.44)

3ﬂhm(' h )+umJ(S S;)} (3.46)

h

f ['%’j{w ('hg';)(sm—s;)—um(lm—I;)} (3.47)

We simplify (3.40) to (3.47) as follows

S, -S. =1, . . .
flz[ hlS hl]{(lﬂ),uhNh[Bl mh(N—)%-ﬂh](SmShl)*‘el(RhRn)*'ez(shzshz)}

by
or

h
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S _S* S _S* ﬂm Im ﬂm I; * S _S*
flzﬂhN{ hlS hl]_ﬂ;uhNh[ hlS W}_(BlNh _BlNh +”h](shl_shl)( hlS m}
m h " n

* *

(Hth _HlR;){ShIS_ Shl ]—F(‘e’zsh2 _925;2 )(Shls_ Shl ]'Then
hy hy

Sh Sh BB, BBl [ Sy =S
hy hy mh 'm mh ' m hy hy
fl—,uhNhLl S J whNh(l 5 ] [ N: _ 1Nh +”hj(8hl—shl)(T]+

h hy h

* *

. S . S
(6R,-6R; )(1—%}(923% -0, )[1—%} Hence

* * *

2
S * (S, —S .S .S
f1=thh+;whNh—“i+Blﬂmh'm( » %) +OR +OR A 10,S, +6,5
S, N, S, S, : S,

*\2
S BA. 1 (S-S
_luhNhS_hl_ﬂ-luhNh_ 1ﬂmh m( )
hy

—H,
Nh Shl Shl hy

*

. S,
_sthz _gzsh2 S_
h

Then for the equation (3.41) we have

2
S, - S, -5,
f2: [ﬂ;uhNh_ﬂ;uhNh hz]_(Bzﬂmhlm_Bzﬁlmhlm +:uh+02j( th hz)

Sy, N, h h,
This yields
* (S S* )2 S*
B,S.l h, ~ °h h
f,=mu N +22mm2 2 27 7y N, —2
2 = Ty Ny, N, s, M, hShz

_ B, B (Shz _S;:z )2 (Shz _S;z )2 P (Shz _S;:z )2
N, s, " s, s,
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For the equation (3.42) we have

I N,

fy =( : - IE]{((E%SW -BS; )+(B,S, —B,S;, ))(ﬂmhlm,;hﬁmhlm)—(ﬂh +n,+a)(1, - I;)}.

h

Then

f, :('h";]{((Blsh—sls;)Jr(sthz —st;Z))LﬂT\*I':m —ﬂwl;j—(ﬂh+ﬂh+a)(lh—|;)}

Ih h

or

It follows that

Ih_ll: mhlm * mhl; * mhlm *
e R -

R )

N,

or

L=V (8] i . Bl BN . B
f: h h mh " m S_mhmBs_mhmBS+mhmBS+mhmBS
3 [ J{( Nh Bl}"h Nh 1%h Nh 1% Nh 1h Nh 2%h,

I,

ﬂm Im * ﬁm Ir; ﬂm I; * *
- r\T B,S;, - [\T B,S,, + [\T B,Sh, |~ (et +m,+2)(1,— 1)
h h h
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Therefore

*

f3 ﬁmh m BS ﬂmhlm BS ﬁmh m BS I ﬂmhlm Bs* +ﬁmh|m BZSh2+

N, N, | N, Sl N, ‘" N,
:Bmhlm B Sh ﬁmh m B Sh IBmh m B S ﬂmhlm BS I ﬁmhlm Bls;l
N, - | N, . | N, N, "1 N,
_ﬂmhlm Blshl _ﬁmhlm Bs* I ﬂmhlm BZSh Ih ﬁmh m B S ﬂmhlm BZSh
N N, "1, N, 21, N, N, :
*\2
Bl I I =1y
I\T BShz I (yh+77h+a)u
h h h

Equation (3.43) becomes

f, :{ThT_hTh*j{nh(lh - |;)—(yh +5h)(Th —Th*)} or

*

f4 =(77hlh _77h|h)[Th-FTh J_(/Jh +5h)(Th _Th*)[Th_FTh j Then

h h

*

T, T -T.
1- T j—(yﬁdﬁ@. Hence

h

f, :(Uhlh 77h|h)

h

2

T* T* (Th_Th)

f,=nl, +7,1, —nl —nl M+, )———
h'h hh-I-h h'h hh-I-h (h ) Th

For the equation (3.44) we have

f5 :{5h_|_h[RhF\:th_é.hTh*(RhF;Rh] (,uh+t9)(R R;)(RhF\:Rh J}
h h h

Consequently

<R Ry R,—R
f=gT+aT 8T, =6 T, (,uh+t91)¥.

h h h
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Then equation (3.45) becomes

f =(W]{[[¢(sm—s;)—w(p;“N_A;)(sm—s;)H(p(lm—';)—¢(A;N_A;)(lm—l;)]]

h h

_(ﬂA+nA)(An_A:1)} or

fe_(uj{[{mmcom—A:)S“(p(Aﬂ—A;)s;}
A, kN, kN,

(@Im —qol;_(”(Aan—hA;) |m+¢('°:N—hA;) I;H(M\MA)(A" Aﬂ)}

Consequently

f6=¢Sm+(ps;i+<olm+MS;+¢I;£+¢(%_%) m Smi‘
A kN, A, A, kN, A, An

. o(A-AY . o(A-A) -A)

¢Sm_Wsm_(olm%_wlm_Wlm_(#A—i_nA)( An )

For equation (3.46) we have

S-S’ . (BB 1. B3 I .
f7 :( mS mj{nAAn _nAAn _[ 3ﬁhm " 3ﬁhm : +:um](sm_sm)}' Then
m h h

By (Sm—S;)Z (Sm—S;)z
N, S

Bifinls (Sm -S, )2
N, S

s s
f7:77AAn+77AAnS_+ _ﬂAAnS__UAAn_

m m m

For equation (3.47) we have

— Im_lr:w B3ﬂhm|h_BSﬂhm|; _cer*\_ 1
fg_[ | H( by B j(sm ) (1, |m)} or

m

f8: Im_l; Bsﬂhmlh Sm_BBﬂhth S;—BS'maI;Sm-i-BsﬂhmI;S; —ﬂm(lm_l;)
| N, N, N, N,

m
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Therefore
f = B3ﬁhm|h S 3:ma h S 3:ma h S 3ﬂhm|h S” 5
8 m m
Nh Nh Im Nh Nh Im

_BSﬂhthS E_BBImaIh S*_Bsﬂhmlljs _B3ﬁhm|;8*£_‘u
N, "I, N, ™ N, ™ N, "I ™

m m m

Collect positive and negative terms together in the system (3.39),we obtain

N _a-s
dt (3.48)

where

*\2 * *
Bl (S =S1) s, S,

A= N, +7z,uhN 1-mh +0R, +6R’ +98 +0,S, +7z,uhN +
Shl N, S, S, © Sy,

* \2
* S _S * *
Bzﬂmhlm( h, hz) +ﬁmh|m Blshl-i-ﬂmhlm BS ﬂmh m BS I ﬁmhlm BlS;l+
N, Sh, N, N, Ih N Ih N,

* *

Pulngg | Pulnpgg In ﬂmhmBs ! ﬂ’"“"“BS +77h|h+77hhT +6,T, +

h2 h2 h2
N, ° N, | N, 1, N, T,
* * (A=A o(A-A)
§hTh*&+goSm+¢S;i+¢lm+¢—8;+¢I;i+—l;+nAAn
R, A, kN, A, A, kN, A,
2 *
AAn 3ﬂhm h ( m m) + B:Sinln S+ Byfnln g -m 3ﬂhm h gt BBl S;I_m
N, Sn N, N, Im N, N, I,
S, Bl (5-S) (Sa-S) o oS,
B:_ﬂhNhS__”ﬂhNh_ N S — My S —Qth—QthS——HZShZ—
hy h hy hy hy
* * \2 *\2 % \2 *
0.5 S_hl_;[ N, S_ Byl ( sh?) _ (Shz_shZ) _9 (Shz_shz) P! mB1 _h
250, g Hy S N S Hy S 2 S |
hy h hy h, h,
_ﬂmhlm Bls;:l ﬁ Blshl ﬁmh m Blsl; : ﬂmhlm BZSh2 Ih _:Bmhlm B S* ﬂmh m B S —

Nh Nh Nh E Nh o Nh
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\2 *\2
I* . I* | —I - T* T _T R*
ﬂr&hhm sthzﬁ_(uhmh+a)(“|—h“)—nh|h—nhlhﬁ—(uhwh)%—ww—:
) (R,~R;) A o(A-AY Ay
=5, =ty +6,)——=—"—9S, =S, ————25 —pl D gl —
R, A kN, A, A,
(A - A (A-A Y : (Sa=51)
@ _ — S * Bﬁ I m~ “m
T I

*\2 *\2
(Sm—Sm) _BBﬂhthS I_m_B3ﬂhm|h S*_B3ﬂhm|hs _B3ﬂhm|h S*I—m—ﬂ (Im_lm)
S N, "I N, " N " N, "1 T

m

Hp,

m m

. . dv
Thus from equation (3.48), if A<B then ~g¢ Will be negative definite, meaning that

dV * * * *
E<O' It follows that %—\t/zoifand onlyif S, =S, S, =S, I, =1, T,=T,,

R,=R,, A =A, S,=S, and I, =1, Therefore the largest compact invariant set

* * * * * * * * dV * * w
in {Skhrshza I Ty Ry AL S 1 EQIE=0}isthe singleton {E } where E is the

endemic equilibrium of the model system (3.1). By LaSalle’s invariant principle,

then it is implies that E~ is globally asymptotically stable in Q if A<B.This

completes the proof.

3.9  Parameter Estimation and Model Validation

In this section, we adopt the idea of Ngailo et al., (2014). The work is dedicated to
fitting the predicted data of the models in system (3.1) to the Tanzania data obtained
from the ministry of health and social welfare in Tanzania and in

[http://www.wavuti. com/ 2014 /05/wizara-ya-afya-kitengo-cha.html]. The original
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data set consists of 5 years observations of the Tanzania dengue fever disease cases

from January 2010 to April 2015 in six month interval as shown in Table 3.2.

Table 3.2:  Observed cases of Dengue fever disease between 2010-2015 in

Tanzania semi-annually

Period Number of cases
2010 (Jan-June) 11
2010 (July-December) 29
2011 (Jan-June) 25
2011 (July-December) 20
2012 (Jan-June) 35
2012 (July-December) 15
2013 (Jan-June) 45
2013 (July-December) 32
2014 (Jan-June) 399
2014 (July-December) 624
2015 (Jan-May) 626

Figure 3.3: Shows the trend of dengue fever disease cases in Tanzania
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Figure 3. 3: Trend of dengue fever disease in Tanzania

From figure 3.3, it is observed that the number of infected population increases with

time.
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3.9.1 Parameter Estimation and Evaluation

Maximum likelihood estimation (MLE) is used to determine the best fitting model.
The idea is to have a parsimonious model that captures as much variation in the data
as possible. Usually the simple graph model captures most of the variability in most

stabilized data (Ngailo et al., 2014).

Model system (3.1) is used to the observed data on dengue fever in Tanzania. System
(3.1) is fitted to the data for infected individual in Tanzania. Parameter values are
obtained from the different literatures and other parameter values are estimated to

vary within realistic means and given as shown in the table below.

Table 3. 3 Parameter Values of dengue epidemic

PARAMETER | PARAMETER, |SOURCE
SYMBOL VALUES (yr)"
Ve 0.96 Estimated
B, 0.09 Estimated
B, 0.9 Rodrigues et al., (2013)
B, 0.7 Estimated
U % Dumont, Chiroleu and Domerg, (2008)
k 3 Rodrigues et al., (2013)
B 0.375 Rodrigues et al., (2013),Massawe et al., (2015)
B 0.39 Estimated
n 0.35 Estimated
A
U 0.25 Estimated
A
U 1 Tanzania bureau of statistics census (2002)
" 60x 365
n 1 Rodrigues et al., (2013)
" 3
®» 4 Estimated
o, 0.9 Estimated
0, 0.01 Estimated
0, 0.6 Estimated
a 0.005 Estimated
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Figure 3.4: Shows dynamic behaviour of predicted and observed data using model

system (3.1) and actual data respectively
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Figure 3. 4: Dynamic behaviour of predicted and observed data using model
system (3.1) and actual data respectively
From Figure 3.4: it is observed that, many observed data values are lie within limits

few are lie exactly, meaning that the predicted data is similar to the actual data.

Moreover from Figure 3.4, indicate that dengue fever disease in Tanzania is
increasing so there is a need to educate the society on how to control the disease.

The idea of ML method is to maximize the likelihood function, the likelihood

N

2
function is the sum of squares of residual (SSR) defined as L(8) = Z(y - .e“) ,

I [}
i=1
where 'y, is a observed data from Tanzania and y™ is a solution of model equation

(3.1) at a parameter value from table 3.3.
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Parameters values were estimated by using maximum likelihood estimator (MLE)

and obtain the following as shown in Table 3.4

Table 3. 4:  Parameter values that give the best fit to the data in the model.

Parameters | Descriptions Estimated
parameter Value

B, Average daily biting for careful susceptible | 0.2477
(per day)with B, > B,

B, Average daily biting for careless susceptible 0.8956

B, Average daily biting for mosquito 0.6909

Bron Transmission probability from mosquito to | 0.4792
human (per bite)

Brm Transmission probability from human to | 0.1431
mosquito (per bite)

1, Average lifespan of humans (in days) 1

60 x 365

M, Mean viremic period (in days) 1.1976

. Average lifespan of adult mosquitoes (in days) | 0.0599

124 Number of eggs at each deposit per capita (per | 5.5920
day)

7N Natural mortality of larvae (per day) 0.3964

S, Rate at which dengue fever infected 0.2502
individuals progress for
Treatment

M Maturation rate from larvae to adult (per day) | 0.8076

K Number of larvae per human 3.8009

Vd Fraction of subpopulation recruited into the | 0.5349
population.

0, Rate at which recovery individuals lose | 0.0137
immunity

6, Positive change in behaviour of Careless | 0.7532
individuals

a Per capita disease induced death rate for | 0.0105
humans

For the purpose of management and planning of dengue fever disease in Tanzania it

is important to project of prevalence of the disease in five years to come of the
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model. The model predicts that there will be an increase on prevalence of dengue

fever disease in Tanzania. The same parameter values are used from Table 3.4.

Figures 3.5 shows the projection of Dengue fever disease infected population in the

society of Tanzania up to 2020.
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Figure 3. 5: Projection of Dengue fever disease infected population in the
society

From Figure 3.5, it is observed that the disease increase slightly at the beginning and

increase sharply. This indicates that the application of treatment only is not enough.

There is a need to educate society on how to get rid of the disease by using mosquito

nets, mosquito repellent or protective clothing, removing vector breeding areas,

insecticide application and control maturation rate to adult mosquito.

However statistical test was carried out in order to establish the relationship between
forecasted and observed data using SPSS.

Summary for statistics for Tanzania’s semiannually observed data is as shown in

Table 3.5 (i)-(ii)
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Table 3.5:  (i)-(ii): summary for statistics for Tanzania’s semiannually

observed data.

Model |R R Adjusted R Square | Std. Error of the Estimate
Square
1 0.921* |0.848 0.831 97.789
a. Predictors: (Constant), Observed Data
(i)
Coefficients?
Model Unstandardized Coefficients | Standardized | T P-value
Coefficients
B Std. Error Beta
1 (Constant) 6.195 | 36.088 0.172 | 0.868
Observed Data | 0.870 | 0.123 0.921 7.075 | 0.000

a. Dependent Variable: Predicted Data

(ii)

From Table 3.5 (i) it is observed that coefficient of correlation (R) is +0.921 indicate

that there is strong relationship between predicted and observed data as it takes the

value between +1 and -1 so +0.921 is close to +1. Coefficient of determination (R

Square) is +0.848 showing that there is strong relationship between Predicted and

Observed data as it takes the value between 0 and +1 so +0.848 is close to +1.

Therefore 85% of the total variability of the predicted data supports the observed

data of the model.

From Table 3.5 (ii), p<0.05 and then the coefficients in column B which help to

predict the model, we have Predicted data =6.195 +0.870xObserved data. This

implies that the predicted data increases by 0.870 for every unit increase in the

observed data.
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3.10 Sensitivity Analysis of Model Parameters
In this section we shall determine different factors for disease transmission where

this helps to reduce mortality and morbidity due to dengue fever disease.

In order to determine how best human mortality and morbidity due to dengue fever

disease is reduced, we calculate the sensitivity indices of the effective reproduction

number R, to each parameter in the model using the approach of Driessche and

Watmough, (2002). These indices tell us which parameters have high impact on R,

and should be targeted by adding control strategies (Rodrigues et al., 2013).

Definition 1: The normalised forward sensitivity index of a variable ‘p’ that depends

differentiably on a parameter 'q'is defined as:

xo =P, 9 (Rateraetal, 2012). (3.49)
o4 p

Having an explicit formula for R, in equation (3.49), we derive an analytical

expression for the sensitivity of R as XqR a9 ‘R

e

where R — —KB; B B ((ﬂA +77n) by — 77A(/’)( B, (1-7)(u, +6,)+ 6,7+ B, )
: (Pﬂri (:uh +17, +a)(ﬂh +‘92)
Then analytical expression for the sensitivity of R with respect to each parameter

can be calculated using a set of reasonable parameter values. Parameter values are

obtained from the Table 3.4.
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The sensitivity indices of R, with respect to 77, and #. are given by x;: = @xﬂ

877;\ Re
_ R _OR .
=-+0.502671519914268 and X, —a—ex?——10081143036750213 respectively.
" /’lm e
indices x B xR xR xR R yR yR R xR
Other mdlcesXBs, X,ma, Xk . X = X, X,un’ X,7h, X DA

X 59 , XQRe ,XaRE , XaRe and XE*A are obtained following the same method and

tabulated as follows:

Table 3. 6:  Sensitivity Indices of Model Parameters to R,

S/N Parameter Symbol Sensitivity Index

1 Na +0.502671519914268

2 ﬁhm ’ B3’ﬁmh and k +0.5

3 V3 +0.3094913998749647

4 B, +0.08860554991815392

5 4 +0.008114303675021294

6 B, +0.000022335439771946637
7 0, +0.000002603482085960515
8 U —0.00002150107940764555
9 L, —0.002671519914267834

10 a —0.004345502504120624

11 7. —0.4956355998985579

12 7 —1.0081143036750213

The parameters are ordered from most positive sensitive to the least.

3.10.1 Interpretation of Sensitivity Indices

By analysing sensitivity indices of model parameters to R, it is observed that the

following parameters m,, B... Bs,B..K, 7,B,9,B, and 6, when each one
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increases keeping the other parameters constant they increase the value of R,

implying that they increase the endemicity of the disease as they have positive

indices. While parameters such as g, ,H,,a, n,and g when each one increases
while keeping the other parameters constant they decrease the value of R, implying

that they decrease the endemicity of the disease as they have negative indices.

But individually, the most positive sensitive parameter is maturation rate from larvae

to adult (per day)n,, followed by the transmission probability from human to
mosquito (per bite) 4, average daily biting (per day) for mosquito susceptible B,,
transmission probability from mosquito to human (per bite) g , number of larvae
per human Kk, Fraction of subpopulation recruited into the population 7z, average
daily biting (per day) for careful human susceptible B, number of eggs at each
deposit per capita (per day) o , average daily biting (per day) for careless human
susceptible B,, Positive change in behaviour of Careless individuals 6,, average
lifespan of humans (per day) x4, , Per capita disease induced death rate for humans a
,natural mortality of larvae (per day)p,, mean viremic period (per day)r, and
finally the least positive sensitive parameter is average lifespan of adult mosquitoes

(Per day) u,, -

3.11  Numerical Simulations and Discussion of Results.
In this chapter, we illustrate the analytical results of the study by carrying out
numerical simulations of the model system (3.1) using the set of estimated parameter

values given in Table 3.4.
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This shows the dynamic behaviour of the endemic equilibrium of the model system
(3.1) using the parameter values in Table 3.4 for different initial starting values in

three cases as shown below (Ratera et al., 2012).

1. S, (0)=951,5, (0)=950,1,(0)=63,T,(0)= 50, R, (0)=49,
A, (0)=15000, S, (0)=10000 and I, (0)=5000.

2. 5,(0)=940, S, (0)=945, 1,(0)=65,T,(0)=50, R, (0)=49,
A,(0)=10000, S, (0)=2000 and 1 (0)=1000

3.5,(0)=949, S, (0)=950, 1,(0)=65,T,(0)=50, R, (0)=49,
A, (0)=20000, S, (0)=10000 and I, (0)=3000

Figures 3.6 show the proportion of Dengue fever disease infectives, treated and
recovery proportion of Dengue fever disease all plotted against the proportion of

susceptible population.
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Figure 3. 6: Proportion of Dengue fever disease infectives, treated and
recovery proportion of Dengue fever disease

The equilibrium point of the endemic equilibrium E”was obtained as S;; =950 ,

I, =75, T, =50 and R, =50andthenS; =946 1, =66,T =50 andR; =49

It is observed from Figures 3.6 that for any starting initial value, the solution curves

tend to the equilibrium E™. Therefore we conclude that the model system (3.1) is
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globally stable about this endemic equilibrium point E”~ for the parameters displayed

in Table 3.4

Figures 3.7: Shows the distribution of population with time in all classes of human

and mosquito.
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Figure 3. 7:  Distribution of population with time in all classes of human and
mosquito.

From Figures 3.7, it observed that human infection reaches a peak between the 45th
and the 75th day. The infection of the mosquitoes delayed. The total number of
infected humans obtained from System (3.1) is lower than observations in Tanzania.
The difference is due to the absence of the data in the whole country of Tanzania

(Rodrigues et al., 2012).

Figure 3.8 (a)-(d) shows the variation of susceptible and infected mosquito

population for different values of maturation rate from larvae to adult (per day) n, .
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Figure 3. 8: (a)-(d): Variation of susceptible, infected human and mosquito
population for different values of maturation rate from larvae to
adult (per day).

From figure 3.8 (a)-(d), we vary the maturation rate from larvae to adult (per day) n ,

, and it is observed that when maturation rate from larvae to adult (per day) increases,
careful and careless susceptible decrease while infected human and mosquito

population increased.

3.12  Summary
A compartmental model for Dengue fever disease was presented, based on two
populations, humans (with temporary immunity, careful and careless susceptible) and

mosquitoes with treatment. Sensitivity analysis revealed parameters which have high
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impact on R, or dengue fever disease transmission. These parameters should be

targeted by adding control strategies, the parameters are as follows ; the most

positive sensitive parameter is maturation rate from larvae to adult (per day)n,,
followed by the transmission probability from human to mosquito (per bite) 4.,
average daily biting (per day) for mosquito susceptible B,, transmission probability
from mosquito to human (per bite) g , number of larvae per human k , Fraction of

subpopulation recruited into the population 7z, number of eggs at each deposit per

capita (per day) ¢ , Positive change in behaviour of careless individuals 6, ,average
daily biting (per day) for careless human susceptible B, . From this results in order to

reduce mortality and morbidity due to dengue fever disease we need to control the
above parameters using different strategy like campaign aimed in educating careless
individuals as a mean of minimizing or eliminating mosquito-human contact, control
effort aimed at reducing mosquito-human contact, the control effort for removing
vector breeding places, insecticide application and the control effort aimed at
reducing the maturation rate from larvae to adult in order to reduce the number of
infected individual, however there is cost associated with this control, implying the
need of minimizing the costs as financial resources are always scarce. In doing this,
Optimal Control (OC) approach using Pontryagin’s Maximum principle is preferred

in order to find the best strategy to fight the disease and minimize the cost.

In validation of the model, it is observed that from Figure 3.4 many observed data
values lie within the limits. Few lie exactly on the curve, implying that the predicted

data agree with the actual data. Moreover from Figure 3.5, the projection indicates
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that dengue fever disease in Tanzania is increasing so there is a need to educate the
society on how to control the disease by removing vector breading area, insecticide
application, control maturation rate from larvae to adult mosquito, and reduce vector-

human contact by using mosquito nets, mosquito repellent or protective clothing.
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CHAPTER FOUR
MODEL OF DENGUE FEVER DISEASE WITH CONTROLS
4.1  Extended Model with Controls
In this chapter, an optimal control problem is formulated by incorporating control
strategies into the model of dengue fever with treatment, temporary immunity,
careful and careless human susceptible. The following controls are incorporated into

the model: campaign aimed at educating careless susceptible individualsu, , reducing
mosquito-human contactu,, removing vector breeding placesu,, insecticide
application u, and reducing the maturation rate from larvae to adult u,. However

there is cost associated with this controls, so there is a need of minimizing the costs
as financial resources are always scarce. In doing this, Optimal Control (OC)
approach using Pontryagin’s Maximum principle is preferred in order to find the best

strategy to fight the disease and minimize the cost in Tanzania.

4.2  Formulation of the Model
In this section, a deterministic model is developed that describes the dynamics of
Dengue fever of population size N (Rodrigue et al., 2013). Two types of population

are considered: humans and mosquito. The humans are divided into five mutually-
exclusive compartments indexed by h are given by: S, (t) careful human

susceptible (Individual who are aware of the disease and use protective measure),

S, (t)- careless human susceptible (Individual who are not aware of the disease and

are not using protective measure), where the biting rate and infected with the disease

for careless susceptible is higher than that of careful susceptible individual. Careless
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susceptible individual may change in behaviour to be careful at a rate of 6,, I, (t)-
individuals capable of transmitting dengue fever disease to others; T, (t)- individual
who are treated and R, (t)- individuals who have acquired immunity at time t. The

total number of human is constant, which means that N(t)=S, (t)+ S, (t)+

I, (t)+ T, (t)+ R, (t).

Hence we formulate the S, 1TRS, model to describe the passage of individual
from careful or careless susceptible class S, _(t), to the infected class 1, (t), to

the treatment class T, (t), to the recovery class R, (t), and then to the careful
susceptible class S, , indicating that individual lose immunity on recovery from the

infection class. Careful and careless susceptible individual are obtained in the
population at a constant rate of 1—z and 7 respectively, it assumed that immigration
and emigration are not considered and then the population is homogeneous, which
means that every individual of a compartment is homogeneously mixed with the

other individuals.

Individual acquire dengue fever infection after infected with dengue virus from

mosquito biting rate B, and B, for careful and careless susceptible with the force of

infection 4, =(1-u,)B, ”‘hll\l_m and 1, =(1-u,)B, mh:\l—m respectively, f., is

h h

infection from mosquito to human. It is assumed that B, > B,, there is no natural

protection for human and mosquito.
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However infected individual can die with the disease at the rate of @ ,or can move to

the other class which is treatment at the rate of 7, .

Furthermore dengue fever infected individual progress for treatment at the rate of J,,

where the treated class move to the recovery class at a time T and then lose
immunity at a rate of ¢,. Human classes are assumed to die naturally at a rate of s, .
Similarly, the model has also three compartments for the mosquito (mosquitoes)
indexed by m are given by:An(t), which represents the aquatic phase of the
mosquito (including egg, pupae and larvae) and the adult phase of the mosquito, with

S,(t) and 1 (t), susceptible and infected, respectively. It is also assumed that
N, (t)=S,(t)+1,(t). Then also we formulate the A S 1, model to describe
the passage from the aquatic phase of the mosquito A, (t) to the the adult phase of

susceptible mosquito S, (t) and to the the adult phase of infected mosquito I, (t).

The eggs are obtained from either susceptible or infected mosquito at the rate of ¢,
for which aquatic phase will mature to adult at the rate of 7,, susceptible mosquito

will be infected with dengue virus after biting infected human at the rate of B,, with

the force of infection 4, =(1-u,)B,4,, Il\l_m where, S, is transmission probability
h

from human to mosquito. It also assumed that each vector has an equal probability to

bite any host and there is no resistant phase, due to its short lifetime. Furthermore
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aquatic phase A, (t) and adult phase of mosquito can die naturally at the rate of x,

and g, respectively.

Then we include five controls that is U, - the control aimed at changing behaviour of
careless human susceptible (campaign aimed in educating careless individual), U, -
control aimed at reducing mosquito-human contact,U; -control aimed for removing
vector breeding places, U,- insecticide application and Us - control aimed at reducing

the maturation rate from larvae to adult. These control functions U;,U,, U;, U,and Ug

are bounded and Lebesgue integrable.

Considering the above assumptions and considerations, we then have the following

schematic model flow diagram for dengue fever disease with controls:

6,

Hy Hy a Hn My
(1—7) N, (1—u2)Bl,8mh"Tm ; S
h h hy
| = > =k Th R,
|
I w0,
|
714, N, s § @ T TeeGeosesw I
> !
I |
h ——————————— I
____________ I
u |
(1-U,) By, 4 |
2 3/~hm N L I
Im - s .
Ha Hi
A
)

Figure 4. 1: Model Flow diagram for dengue fever disease with control
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From the above flow diagram, the model will be governed by the following

: ds, |
equations: e (1-7) N, —(1-u,)B,S,,, N—”‘Shl — 14,y +6R, +u,6,S,
h

ds I
e =N~ (1) Bufl S, — (4 +1)S,
dl |
d_h:((l_uz)Blsrh+(1_u2)BZShZ)ﬁmh_m_(ﬂh+77h+a)|h
' N, (4.1)
dT,
d_th:77h|h_(ﬂh+5h)Th
drR
d_h:5hTh_(ﬂh+91)Rh
t
d
d—A;“:(p(l—%h](Sm—l-|m)—(,uA+(1—u5)77A+u3)An
ds,, I,
dt :(1_u5)77AAn_ (1—U2)B3ﬂth— Sm_(ﬂm+u4)sm
h
B (1-0,) B, 25, (s +U,)
dt 2 3/~hm Nh m m 4 m

4.3  Model Analysis

The model system of equations (4.1) will be analysed qualitatively to get insight into
its dynamical features which will give a better understanding of the Modelling
Infectiology and Optimal Control of Dengue Epidemics in the society. Threshold
which governs elimination or persistence of Dengue fever will be determined and
studied. We begin by finding the invariant region and show that all solutions of

system (4.1) are positive for all the time.

4.3.1 Positive Invariant Region of the Model
Since the model system (4.1) is Dengue fever disease model dealing with human

population, we assume that all state variables and parameters of the model are
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positive for all t>0. The model (4.1) will be analysed in suitable feasible region

where all state variables are positive. This region is contained in Q € R®.

Let(S, .Sy, I To:Rys Ay Syl ) € R? be any solution of the system (4.1) given by
S, +Sy, +1,+T, +R <N, A <kN, & S +1 <mN, with non-negative initial
conditions, (Rodrigues et al. 2013). Then the solutions {Sh1 (1), S, (t), 1,(t), T, (1)

s Ro(t), A(t), S, (t), 1,(t)} of the system (4.1) are positive for all the time.

Proof:

First, with regards of the population of human whose total is denoted by N, , we have
N, =S, +3S,, +1,+T, +R, and the system of differential equations is given by
dN, _dS, dS, dI, dT, dR,

dt dt | dt dt o dt | dt

Using system of equations (4.1), we get

dN I
dth =(1-7) N, —(1-u,) BB, N—mShl — 4,5, +OR, +u,6,S,
h
|
+u, Ny, _(1_U2) B, S N_msh2 _(,Uh +L‘192)Sh2
h
I
+((1-u,)BS, +(1—u2)BZSh2),Bth—m—(yh +7, +a)l,
h
_(,Uh +5h)Th +o,T, _(:uh +01) R,
This gives
dN
dth 2 Ny — g (Sh1 +8, 1, +T, +Rh)'
Then
dN
d_th 2 Ny, =ty N,

or
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CL

dt

dN, >dt
Integrating both sides, gives

N, >c
Since

Ny =S, +5, +1,+T,+R,
it follows that

Ny =S, +S, +1,+T,+R, =c.
Hence

Sy, + Sy, + 1y + Ty + Ry < N,..

Secondly, with regards of the population of aquatic phase denoted by A,,, we have

dﬁ:co(l_i](sw 1) = (a2 +(1=05) a4 U ) A,

dt kN,
or
d
d_A;nZ_(ﬂA"'(l_us)ﬂA +u3)An

This is the first order inequality which can be solved using separation of variables
Separate the variable yields

%Z—(;{A+(l—u5)nA+u3)dt

Integrating both sides one gets

In A, = —( 2, +(1=Ug )77, +uy )t+InC
This is equivalent to

A, (t) = e i ek

As t—0,A (0)=C.
Then A, (t) > An(o)e’(/lAJr(l*Us)’?A*Us)t
As t >0, An(t)ZO

Then
0<A,(t)<kN,

Finally, with regards of the total population of mosquito, we have
N, =S, +1,

and the system of differential equations, is given by
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dN, _ds, di,

+
dt  dt  dt

But from the system (4.1) we have

dS I
dtm =(1-ug)7,A, —((1—u2)83/3hm N—“Jsm —(u,+U,)S,
h
and
A (1-0,)B,8 28, — (41 +u,)]
dt 2 3/~hm Nh m m 4 m
(o] N I,
Then’ dt _(1 u5)77AAn (1 UZ)BSﬁhm Sm—(lle+U4)Sm
h

+(1_u2)BSﬂhm|1|_hSm_(/um+u4)|m or

It follows that

dN
dtm 2 _(/um +U4) Nm

This is the first order inequality which can be solved using separation of variable.

Then

Integrating both sides gives
InN,, >—(g, +u,)t+InC.
This is equivalent to

N, (t)>Ce e,

m
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As t—>0 N, (0)>C.
Then, N, (t) > Nm(O)e—(um+u4)t
AS t—o N, (t)>0.
Then,
0<N,<S, +I <mN,
Therefore 0<S_ +1, 6 <mN,

Hence the host population size S, +S,, +1; +T, +R, <N, . For Aquatic phase (that

includes the egg, larva and pupae stages), the total population size A, <kN, as
t—>o0.
Finally, for vector the total population size, S, +1,,<mN, ast —o

Therefore the feasible set for the model system (4.1) is given by

0o Sy Sn o 1h T Ryy AL S 1) €R® S, LS, 1T, Ry AL Sy 1y 20,
S, +Sy, +1,+T,+R <N, A <kN,, S +1 <mN,

h? ~m

Hence it is verified that Q is a positively invariant set with respect to (4.1).

4.3.2 Positivity of the solutions
Since model system (4.1) dealing with human population, it is assumed that all state
variables and parameters of the model are positive for allt >0. For the system (4.1)

to be epidemiologically meaningful, it will be proved that all solutions with non-
negative initial data will remain non-negative that is S, (0) , Sh, (O) 1,(0),
T,(0), R,(0), A,(0), S,(0) &1,(0) are non-negative. We prove by the

following Lemma:
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Lemma 4.1

Let

{s,(0)20,5, (0)20,1,(0)20,T,(0)0,R, (0)20, A, (0)>0,5,(0)>0 and 1,(0)>0}eQ
Then the solution set{Shl (t),S, (t),lh(t),Th(t),Rh(t),An(t),Sm(t),lm(t)}of the
model system (4.1) is positive, for all t>0. (Ratera et al., 2012)

Proof:

To prove the Lemma, we shall use all the equations of the system (4.1).

From the 1" equation of the system (4.1) we have

dShl I
o (1-7) N, —(1-u,)B,S,, N_Sm — 14,y +6R, +u,6,S,
h
or
ds

d_thl < (1_77)/1hNh — Sy,

Consequently

ds
d—thl+,L1hSh1 <(1-7) N,

This is a first order inequality which can be solved using an integrating factor I.F:

e“hjdt =e" Multiply the inequality by the I.F on both sides, we get

ds
et d—thl+e"“t,uhShl <e“' (1-7) p,N,.

This is equivalent to

d(e"'s, (t)) < (1) N e dt.
Integrate both sides yields

e"'s, (t)<(1-7)N,e” +C.

This gives
S, (t)<(1—7)N, +Ce ™"

As t—0, it follows that S, (0)<(1-z)N,+C or
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S, (0)-(1-7)N, <C.
Consequently
S, (1)<(1-7)N, +(Sh (0)-(1-7)N, )e’”h’
As t > thenS, (t)<(1-z)N,. Therefore 0<s, (t)<(1-7z)N,.

From the second equation of the system (4.1), we have

ds '
dthz =m4,Ny —(1-u, ) B, 3, N_mshz (4 +,6,)S,, or
h
Sy,

at < mu Ny, _(,Uh +u192)5h2

Consequently

Sy,

t +(, +1,6,)S, <N, .

This is a first order inequality which can be solved using an integrating factor I.F

e(ﬂthUl@z)Idt — e(yh+ul¢92)t

Multiply the inequality by the I.F on both sides to get

ds
e(/’h + 6, )t dthz + e(/jh +U, 60, )t /,lh Shl < e(/lh +6, )t ﬂ'/,[h N -

This is equivalent to
(7S, (1)) = N 4™ et
Integrating both sides yields

s (t)<zN ™% +C.
This gives S, (t) <zN, +Ce 4%,
As t -0, it follows that S, (0)<zN,+C or S, (0)-zN, <C.

Consequently
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S,, (£) < 7N, +(8,, (0)— 7N, )e (ar)
As t > thenS, (t)<zN, . Therefore 0<s, (t)<zN,.

From the third equation of the system (4.1), we have

di !
d_th:((l—uz)Blsh1 +(1_u2)BZShz)ﬂth_m_('uh + +a)|h
h

or
dl
d—ch—(,uh+77h+a)lh

This is the first order inequality which can be solved using separation of variable.
Then

%Z—(,uh +17, +a)dt

I
Integrate both sides gives

InZ, >—(p4,+m,+a)t+InC,
which is equivalent to

I, (t)=>Ce (rmrar

As t —0 it follows that 1, (0)>C
Consequently 1, (t)> 1, (0)e 2!
Ast — oo, it follows that I, (t)>0.
Therefore 1, (t)>0 Vt>0

Similarly, it is shown that the remaining five equations of system (4.1) are all

positive.
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Therefore it is true that S,, (t)=0, S, (t)=0, I,(t)=0, T, (t)=0, R,(t)>0,

A, (t)=0, S (t)=0andl, (t)=0 Vvt>0

4.4 Steady State Solutions

In this section the model system (4.1) is qualitatively analysed by determining the

model equilibria, carrying out their corresponding stability analysis and interpreting
the results. Let E:(S;,SEZ,IE,T;,R;,NH,S;,I;) be the equilibrium point of the
system (4.1). Then, setting the right hand side of system (4.1) to zero, we obtain

(1-7) 1, Ny, —X;S;l —,uhS;l +OR; +u16*28;2 =0

4.2)
Ny = 2,8, = (4, +1,6,) S, =0 (4.3)
(11*8;;+A;S,f2)—(yh+77h+a)lr?:0 (4.4)
Moy = (44, +6,)T, =0 (4.5)
5hTh*_(:uh +01)R; =0 (4.6)
(o[ —%](S,TﬁI;)—(yA+u3+(l—u5)77A)A; =0 (4.7)
(1-Ug) A, = (A + 11+, ) S;, =0 4.8)
gs;_(ﬂm"'w)l; =0 (4.9

Forces of infections are

*

* I,
Al :(1_u2)81 mh N_ (4-10)

h
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*

2, =(1-u,)B, B, N—“; (4.11)
5 = (1) B, 412)

h

We compute all state variables of dengue fever disease model in terms of force of

infection A"

From equation (4.2) we have

- (1-7) N, +OR; +u1¢925;2

The we substitute (4.6) into (4.13) to get

S

(1—7T):uh N, +6 ' (21*8;1 +i;8;2 ) +U,6,S,,
S — (ﬂh+01)(ﬂh+5h)(ﬂh+77h+a) ’
" (ﬂf"‘ﬂh)
or

(L) N, (21, 6) (1, +,) (4, +2) + 03,1, (4, + 4S5, )+ (1 +6,) (t +63, ) (24, + @) 65,

S =
hy *
(’11 +ﬂh)(ﬂh +6,)(#+6, ) (4 +1+2)
where, R" = STy from (4.6),
My +6,
- AN from (4.5),
(ﬂh+5h)
- (48, +45,) from (4.4)
(/’lh+77h+a)
. - ) s (XS + 1S
Then R, = O/l or R, = hnh(ﬂl A hZ)

(/uh+91)(:uh+5h) " (ﬂh+‘91)(ﬂh+5h)(ﬂh+77h+a)



105

It follows that

(4 + ) (s +6) (11, +,) (41, +2) =650, | S5 =

(1=7) Ny, (st +6,) (1, + 6, )ty +10, + @)+ 65,7,
+(y + 6, ) (1, +6,) (1, + 17, +2) 16,5,

or

(l—ﬂ)thh (,uh +6?l)(yh +§h)(,uh +1, +a)+«916h77hi;S§2
" "‘(ﬂh +91)(ﬂh +§h)(/uh +n, +a)u1¢928;2
hl - * *
((21 +ﬂh)(ﬂh ‘Hgl)(ﬂh +5h)(ﬂh 1 +59-)_‘915|177M1 )

Then we substitute (4.3) to get

(L-7) Ny (1, +6,) (1, + 8, ) (1 + 10, +a)(ﬂ~z* +( 4 +u102))+915h77h/1;77ﬂhNh
+(,uh +(91)(,uh +5h)(,uh +17; +a)u1027z,uhNh
(/12* +(,Uh +U102))((/11* +:uh)(:uh +91)(:uh +5h)(:uh +1, +a)_915h77h/11*)

Let flz(l_”'),uhNh (:uh+01)(:uh+5h)(:uh+77h+a)
fy :(,Uh +01)(:uh +5h)(:uh +7 +a)u102ﬂ;uhNh

f, :(,Uh +Uﬂz) f, :(,Uh +91)(,Uh +5h)(:uh 1 +a)- fs = 68, mmu N,

Consequently
5 _ f (4 +F,)+ fohy + £
(/1’; + f2)((21* +:uh) f, _915h77hﬂ1*) (4.14)

From (4.3) we have

N\ 4.15
T ) (4.19)

From equation (4.5) we have

(A4S, +4,5;,)

|5 =
" (#ty + 1, +2)
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Then substitute (4.14) and (4.15) to obtain

f1(/1;+ f2)+ fod, + 1, « Ny
+ *
(i; + fz)((ﬂ; +ﬂh) fs _915h77h/11*) (/12 + fz)
(#ty +17, +2)

P

I, =

or

- B (6(2+6)+ f+ 1)+ (A +) fo - 084 ) BN,
h (’1?* + fZ)((ﬂl* +ﬂh) fs —‘915h77h/11*)(/1h +17,+a) (4.16)

substitute (4.16) in (4.5) to get

* 77h|;
T =_"h’h
" (:uh+§h)

or

T A1, ( fl(/‘l; + fz)"' fod; + fs)"'((ﬂ; +,Uh) f _elé‘hnhﬂl*)ﬂ“;ﬂ:uhNh

“ (0 +0.) (% + 1) (A + ) = O3um A ) (s + 7, +2) (4.17)
Substitute (4.17) in (4.6) to get
. 5T
* "l -a)
or
- Ao (£.(% + )+ Tk + £ )+ (4 + a4 ) f, ~ 00 A ) N,
(1 +6) (i +0,) (% + L) (& +14) fu - 6004 )y 4, +2)  (418)
Then from (4.8) and (4.9) we have
g _ (1-Us)maA,
" (A Uy (4.19)
L As

" (u,+u,) which is equivalent to



107

" = @(1—U5)0AA2
" (lum +U4)(ﬂ; +1um +U4) (420)

Substitute (4.19) and (4.20) into (4.7) to obtain

co[l_ 5 )[((1%)”’*/{* o e (o)A,

kN, Z;+,um+u4) (,um+u4)(/13*+ﬂm+u4) (v d-una) A, =0

or

A, (U + (L= ) 7, ) (s + U4 ) (A + 2 + Uy )

1— _
kN, @((ﬂm+u4)(1_u5)77A+/g(1_u5)77A)

Consequently

KN [¢((:Um+u4)(1_u5)77A+A':(1_u5)77A) }

_(/JA+U3 +(1_u5)77A)(,Um +U4)(i;~l—,um +u4)

" = 4.21
H q’((lum+u4)(1_u5)77A+2’:(1_U5)77A) ( )
Then we substitute (4.21) into (4.19) and (4.20) to obtain
1- (1-
th(l—Us)ﬂA (0((:um+u4)( u5)77A+/13( u5)’7A) *
. _(ﬂA+u3+(1_u5)77A)(,Um+u4)(/13+ﬂm+u4)
Sm = ; : (4.22)
(0(% + He +u4)((ﬂm +U4)(1_u5)77A+ﬂ3 (1_u5)77A)
25(1uS)mth[(p((ﬂm+u4)(lUS)"AMS(lUS)UA) * }
" = _(#A+u3+(1_u5)nA)(lum+u4)(ﬂ‘3+:um+u4) (4.23)

(D(ﬂm +u4)(/1'; + Uy, +u4)((/"m +u4)(1_u5)77A +/1;(1_u5)77A)
Furthermore we substitute (4.16) and (4.23) into (4.10) to (4.12) to yield

Force of infections

@((ﬂm +u4)(1_u5)77A +/1?T(1_u5)77/-\)

1““2 Biﬂmh/g 1‘“5 Ath .
;i;:( ) (1-us)m [ —(IuA+u3+(1—u5)77A)(,um+u4)(/?3 +,um+u4)J (4.24)

oN, (:um +u4)(i\:+ﬂm +u4)((ﬂm +u4)(1_u5)77A+A;(1_u5)77A)
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(0((/% +u4)(1_us)77A +;{’;(1_u5)77A)

1—U2 Bzﬂzﬂ; 1—U5 Ath *
( ) ( )77 _(IUA+U3+(1_US)’7A)(:Um+u4)(j3+:um+u4)

: * (4.25)
" oN, (44, "'UA)(A’& + "'UA)((,Um +U, ) (1-Ug) 7, + 44 (1_u5)77A)
(1_U2) Bsﬂhmﬂ‘l*( fl(ﬂ’;—i— fz)"‘ fsﬂz*'i' fs)
. f,—06m.4 | Lmu N,
2= +((/11 +:uh) a—Y% hnh&)ﬂz”ﬂ (4.26)

N, (ﬂ; + fz)((ﬂf +ﬂh) f, —6?15h77h21*)(yh +17,+a)
Then we substitute (4.24) and (4.25) into (4.26), to get
45 (A%? +BA; +C)=0

where

A=—pf,Ny (a+m, + )t +U ) (@ Fatty (1, +U,) + (1=, kBB, (£, = 5,,6,) (1)
(077A—(U3+(1—U5)77A+ﬂA)(ﬂm+U4)))—( —u, )KB,N, B, (a+1, + 14, )
((1—u )om7,—(Us +(1—u5)nA+yA)(um+u4))(¢f4uh(ym+u4)+(1—u2)
KBy ( = 81,0 ) (1= Us) @710 = (Us + (1= U )7+ ) (14 + 4 )))

B=—0"f, f,Nyat, (a+7, +11,) (41, +U, )+ (LU, ) kB, TN, B (14, +0, ) ((1-U5) 0,

— (U +(1=Ug) 70 + 22 ) (1, +U, ) ) = (1—1, ) k0B, f,N, ot (@47, + 1) (1 +U, )
((1—u5)gm7A—(u +(1-u, )77A+,uA)(,u +U ))—(of N, (a+77, + 14, ) (4 +U,)°
(@ futy (2t 1)+ (1= )KBY o, (T, = 5,77, ) (1= s ) @17, — (U + (1= )7, +

:uA)(rum"'u ))) ( ) kBlﬁmh( ¢”7A us"'( 77A+,L‘A)(ﬂm+u4))
(0B, (T, +f)ﬂhm(ym+u)+k82ﬂmh((1 U,) B,( f,+ f5) B + 2N, ( f,—5,77,6,)

/Jh)((l_u5)(p77A_(u3+(1_u5)77A+,uA Hy +U )))
C=—¢’ f, faNp s, (a+77h +ﬂh)(ﬂm +U, )4 +(1_ U, )2 kpB,B, ( f.f,+ fS)ﬂhmﬁmh (/Um +U, )2

(1) @7, = (Uy +(1=Ug )17+ 42, ) (14 + 4 ))+(1_u2)k”(/’82 FN Bty (#t +0)

((1_u5)§077A _(ua +(1_u5)77A +:uA)(ﬂm +U, ))
Consequently 4; =0 or AL, +BA, +C=0
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Hence the disease free equilibrium is obtained when A; =0 and endemic when
AL?+BA, +C=0 (4.27)
For disease free equilibrium A, =0

It follows that from (4.20) 1 =0 then from (4.10) and (4.11)

A =0and 4, =0

Thus from (4.14) to (4.18) and from (4.21) to (4.23) we have

S;l:(l—ﬁ)Nh(,uh+ulo92)+u1€27rNh 5 71N, ,I;=0,Th*=O,R;_

(ﬂh + u1€2) My + 1,0,

* kN,.q . kN, q dr =
Anz—h ,szihaﬂ |m_0.
¢((l_u5)77A) (P(ﬂm+u4)

where q :—((,uA +Us + (1= U )77, ) (4, +u4)—¢(1—u5)77A)
Therefore the Disease Free Equilibrium (DFE) denoted by E, of the system (4.1) is
given by E, =S, (1).S,, (1).0,0,0, A, (t).S, (t).0)=

gkN, akN,
(P(l_u5)77A ,§D(ﬂm +Uu,

[(1-;;) Ny (4 +W6, ) +udzN, 7z N, 000

Ly +U,0, ’ Ly + U0,

0 (4.28)
1

4.5  The Reproduction Number with control R,

The reproduction number with control R, is the threshold which is used for
predicting outbreaks and evaluating control strategies that would reduce the spread of
the disease. The dynamics of dengue fever disease is determined by the reproduction

number with control R, which is a key concept and is defined as the average number

of secondary infection arising from a single infected individual introduced into the

susceptible class during its entire infectious period in a totally susceptible population
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in which control strategies are included, for if R.<l the result is disease free-
equilibrium and if R.>1 endemic equilibrium point exists (Driessche and Watmough,

2002, Lasharietal., 2013).

The model system of equations (4.1) will be analysed qualitatively to get a better

understanding of the effects of controls, careful and Careless human Susceptibles of
Dengue fever disease. The reproduction number with control of the model (4.1) R, is
calculated by using the next generation matrix of an ODE (Driessche and Watmough,
2002). Using the approach of Driessche and Watmough, (2002). R. is obtained by

taking the largest (dominant) Eigen value (spectral radius) of

oF(E) [aviE) |
X, | ex, |

where, F is the rate of appearance of new infection in compartment i, V,"is the

transfer of individuals out of the compartment i by all other means and E, is the

disease free equilibrium. Therefore

((1-u,)BS, +(1-U,)B;S,, ) Bu 1o

Fi :|:Elj|: | Nh
? (1—U2) B?,ﬁhm N_h Sm
h

Using the linearization method, the associated matrix at DFE is given by
OF, OF,

—1(E,) —X(E

ol, (&) olm( o)

OF, ¢\ OF,
alh( 0) alm( 0)



This implies that
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((1_ u2) Blsh1 + (1_ U2) sth2 )ﬁmh

0
F= N,
(1—U2) Bsﬂhm S_m 0
N,
with
s _ (1-7)N, (4, +U6,)+u,6,7N, _ N,
" My + U0, & My + U0,
(1—u2) B, (l—ﬂ)(,uh +u1¢92)+u1¢92ﬂ N
0 “ M B
— _ h
£ (l UZ)BZ iy, +u,0,
ka(1-u,)Byfn 0
@ (4, +4,)

kN,

(P(#m +u4) we have

The transfer of individuals out of the compartment i is given by
V_:{Vl}: (:uh+77h+a)|h
I V2 (:um + u4) Im

Using the linearization method, the associated matrix at DFE is given by

o

A

—L(E E
Ve dlh( o) 0Im( o)
| oy, oV,
—2(E,) —4(E
th( o) ()Im( o)
This gives
V= M, +1, +a 0
0 :um+u4
with
! 0
Vil— /uh+77h+a
0 1
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Therefore
(1-u,) B, (1-7) (1, +,6,) +u,6,7 .
M, +U,0
0 ﬂ;l] 17e ﬁmh
FV*I - 1— u B h
( 2) ’ Ly + U, 0,
kq (l_uz) By L 0
gD(/Jm + u4)
B S
My +17,+a —
X 1 =
0
Hry, + u4
0 [(1_U2)Bl(1_”)(ﬂh +Ub, )+ U6, +(1-u,)B, T, ]ﬂmh
Ly +U,6, U+ W0, )+, (429)
kg (1_Uz) BB 0

@t +U, ) (11, +1, +2)

The eigenvalues of the equation (4.29) are given by

2 (((1%)51 (1-7) (1, +1,6,) + UG,z +(1-U,) B, )ka(1-u, ) B, mhﬂhmJ
@ty + 10, ) (4 +U, )2 (44 +1, +2)

which are

i \/[((1uz)Bl(lﬁ)(uh+ul¢92)+ult927z+(1uz)Bzzwh)kq(luz)B3 mhﬂhm}

(0(/41 +u192)(lum +U, )2 (ﬂh T, + a)

or

[((1uz)Bl(lzz)(yh+u16?2)+ult927z+(luz)Bzzwh)kq(luz)Bg mhﬂhm]
Jy=- ;
(”(ﬂh +u192)(/um +u4) (;Uh +17, +a)

It follows that the Reproductive number with control, which is given by the largest

Eigen value for model system (4.1) denoted by R_is given by

o [((1uz)Bl(ln)(yh+u192)+u1027r+(1uz)Bzywh)kq(luz)B3 mhﬂhmJ
° oty + U0, ) (4t +0, ) (11, +17, +2)
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But ¢ :_((/JA + U, +(1_u5)77A)(/um +L"4)_(/)(:|-_l-15)77A)-

Then
—KB, B B (124 + U + (1= U5 ) 17, ) (4 + Uy ) — (1= Ug ) 17, ) X
n ((1—u,) B, (1—7) (1t + U0, ) + 1,0, +(1—u, ) Bz, ) (1—-u,)
c 2
\ (2, +,0,)(ty +u,)" (1, +17, + @)
or
R, = [ KBS it J (4.30)
¢(ﬂh +u1‘92)(/1m +u4) (,Uh + 17y +a)

tz((yA+u3 +(1-g) 7, ) (4 +U4)—(0(1—U5)77A)((1—U2)Bl(l—ﬂ)

(#ty +U6,)+ 6,7 +(1-U, ) By, ) (1-u, )
Model System (4.1) has infection-free equilibrium E, ifR, <1, otherwise endemic

equilibrium exists. Generally, the larger the value ofR,, the more severe, and

possibly widespread the epidemic will be (Rodrigues et al., 2013).

4.6  Local Stability of Disease Free Equilibrium Point
The disease free of the non- linear model system (4.1) is given by

E, = (S, (1).S,, (£).0,0,0,A, (t).S, (t),0)=
L(l_ﬂ)Nh(#h+u192)+u192”'\'h 4N 0.0,0,—- 3Ny kN, )’0]

iy + U0, ’ iy + U6, ¢7(1_u5)77A 'CD(/Jm +U,
from (4.28)
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Theorem 4.1:
The disease free equilibrium of the Dengue fever disease with optimal control model

system (4.1) is locally asymptotically stable if R, <1 and is unstable if R, >1, that is
Dengue disease can die out from the community if R, <1, and will persist in the
community if R, >1. Local stability of DFE point is determined by the variational

matrix J¢ of the non- linear system (4.1) corresponding to E, as follows,

Let

%y _

dt

Sy,

dt

|
(1-7) N, ~(1-u,)B, th—mSm—thm+01Rh+u1928hz:Ql(Shl,Shz,Ih,Th,Rh,An,Sm,lm)

h

Im
N_Sh2 _:uhshz _u1925h2 :QZ(Shl’ShZ’Ih’Th’Rh’An’Sm’Im)

h

= Ny, _(1_"'2) B, Bn

di I
d_th:((l_uz)BlShl"'(l_uz)BzShz)ﬁmh_m_(ﬂh +77h)|h_a|h :Q3(Sh118h2’Ih’Th’Rh’A'n’Sm’Im)

N,
dT,
=1y = (2t +8,)T, :Q4(Shl’sh2’Ih’Th'Rh’An’Sm’Im)

dt (4.31)
dR,
F:é‘hTh_(:uh—'_el)Rh:QS(Shl’Shz!IththhlAnlSm!Im)
d
d%“w(l—%}(wIm)—yAAﬂ—ugAﬂ—(l—us)nAAﬂ=Q6(sm,sh2,Ih,Th,Rh,Aﬂ,sm,lm)
h
ds, l,
dt :(1_u5)77AAn_ (1_u2)Bsﬂth_+,Um Sm_u4Sm:Q7(Shl’sh2'Ih’Th'Rh'Aﬂ’Sm'Im)
h

dl |
d_::(l_UZ)BSImaN_hSm_(/um+u4)|m:QS(Shl’ShZ’Ih’Th’RhlAn’Sm!Im)

h

It follows that,



as,, as,,
0 0
8??(50) ast(E")
hy h,
0 0
asQS(E()) aSS(E‘))
hl hZ
aQ, aQ,

E E
ashl( o) ashz( 0)

0Q,
E(Eo)

aQ,
al, (&)

Qs
al, (B)

0Q,
E(Eo)

0Qy
al, ()
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0Q,
87Th( E)

Q,
aT, (B)

Qs
aT, (B)

oQ,
87Th( E)

Qg
aT, (B)

0Q,
E(EO)

aQ,
R, (B)

Qs
R, (E)

0Q,
a( E)

Qg
R, (&)

LQl(EO
oA,

oA,

87(\)3 ( E,
oA,
aQ,
oA,
% ( E0
oA,

%(Eo
oA,

oA,
% ( E,
oA,

LQZ(E

(E,

L@(E

) L(E,)

) (e,

) (k)

) ()

) ()

) L(g,)

) (k)

) 22,

Hence the variational matrix of the non-linear model system (4.31) is obtained as

w0, +

~uy u,6, 0 0 o 0
0 —ub,—u, 0 0 0 0
0 0 —a—1n, — i 0 0 0
0 0 h ~68, — 0 0
0 0 0 A 6, - 0
= ) 0 0 0 0 t o[l-
’ ° Pty +U,) ° UA(l US)
L @, +U,)
where
qw’ 1_#
oA o(n+u,)
fo _(l_uz) BB, (uﬂz _(_1"‘77),%)
Wwo, + 4,
_ (1_u2)”Bz mhHh _ q
y - ] g - ¢ 1——
(2N (1_u5)

o O o o o

q
P11, (1-Us)

—Hy — Uy

0

]

O O =< =h

«

My — Uy

(4.32)
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j— (1-u;) B, (”Bzﬂh + Bl(u102 —(-1+7) ))
W6, + u, .

Therefore the stability of the disease free equilibrium point can be clarified by
studying the behaviour of J¢ in which for local stability of DFE we seek for its all
eigenvalues to have negative real parts. It follows that, the characteristic function of
the matrix (4.32) with A being the eigenvalues of the Jacobian matrix, by using
Mathematica software the Jacobian matrix has the following eigenvalues:

A==ty A =—U0, — 4,

The other eigenvalues are given as

A = [—a—nh—,uh—,um—u4— Jo then\/c;is not a real
2 \/(’7\/U1‘92+,Uh\/ﬂm+u4

number

Ay =0~y A =0 —u,

I :1(_61_% - U, + Jo ]whenx/gis not real number
2 \/(’7\/”102"'/% \/ﬂm +U,
1 ' q
=— W6, + 14 )| @, +U, )|y + oy +Us +U, 477, (1-Ug ) |+ 00 | 1- o
2¢(u192+yh)(ym+u4){( v h)[ ( 4)( g Ut 5)) [ (/)UA(l—us)]] ]

When \/E is not a real number and finally

1
Z(P(Uﬂz +

Jo =

)(ﬂm+u4)[(“192+”h)[<”(”m+”4)(NA+ﬂm+“3+U4+’7A(1—U5))+q¢'[1— g ]]_\/;]

O1,Ug

when \/E is not a real number.
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where,

o =4(1-U,) K70B,By By Bty +4(1~U, )" KABBy By B (W6, — (~1+7) 14,
+ (W0, + 11, )(@+ 1, + gty — 1t — U, ) (£ +U,)

a :((uﬂ2 + 1, )2 ((pz,u,i(ym +u4)2 +¢° +u4)2 ((/,zm —Uy,+U, -7, (1—u5))2 +47, (1-u )@

(1—ﬁ}]—2q(p(ﬂm 0,y — Uy +U, 17, (1)) (1_#_%)}‘12(”'

—Us PIIp (l

(2N (1_u5)

Hence the system is stable since all the eight eigenvalues are negative. This implies
that at R, <1 the Disease Free Equilibrium point is locally asymptotically stable, that

is Dengue infection can be eliminated from the population.

4.7 Global Stability of Disease Free Equilibrium Point
In this section, the global behaviour of the equilibria for system (4.1) is analysed.

The following theorem provides the global property of the disease free equilibrium
E, of the system. The results are obtained by means of Lyapunov function. In
choosing the Lyapunov function we adopt the idea of Ozair et al., (2013).

Theorem 4.2: If R, <1, then the infection-free equilibrium is globally

asymptotically stable in the interior of Q
Proof:
To establish the global stability of the disease-free equilibrium, the following

Lyapunov function is constructed:
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L(t) = —kB;Btl,, (t) + ¢(/’lh +17, + a)(ﬂh + Ulez)/"m I (t) (4.33)
Calculating the time derivative of L along (4.33), we obtain
L (t)= —kB, S, (V) + @ (s +17, +2) (14 + W6, ) 12, I (t)

Then substituting 1, (t) &I, (t) from system (4.1), we get

L (t)=—kB, .t (((1—u2) B,S, +(1-u,)B,S, ),Bmh ll\l_m_('uh +1,+a) IhJ

I
"‘(D(ﬂh 1 +a)(:uh +u102):um [(1_1"2) B: L N—hSm _(,Um +u4) Imj

h

It follows that

. |
L (t) = _kBsﬂhmt((l_uz ) B.S, +(1_ u, ) B,S,, )ﬂmh N_m"' kB, Bt (,Uh +n, + a) I+ (/’(ﬂh +17,

h

I
+a)(,uh +U16’2)(,um +u4)(1_u2) B3 /S N—hSm _(o(zuh 17 +a)(:uh +U192)(,um +u4)2 I
h
or

L(t):€0(ﬂh + 1 +a)(ﬂh +U1‘92)(,um +U4)

2 | _kBSﬁhmﬂmht((l_UZ) Blshl +(1—U2) sth2 ) 1
i Nh§0(ﬂh aa/ "’a)(ﬂh +u102)(/um "’u4)2

|
+B, B (1 + 17, +a)[ktlh +o (1, +u6,) (1, +u4)(1—u2)N—h Sm] Then

h

2 [«1uz>Blsm+<1uz>sthz>Rz—1]

I—'(t)zgo(/uh+77h+a)(:uh+u192)(:um+u4) I N c
h

2 n2
KB; fm Bt [kuh oty + U0, ) (4 +u4)(1—u2)N—“Sm]-
h

go(,uh +u16’2)(,um +u4)2 RC2

Consequently

kBazﬂhzmﬂmht
(P(ﬂh +U,6, )(:Um +Uu, )2 Rc2

L (t)= (s +1, +2) (24, + U6, ) (14 +u4)2 Im(fR‘;2 —1)—
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|
><(kt|h +o (1, +U,0,) (1, +u4)(1—u2)N—hSmj

where
tz((,uA+u3+(1—u5)r7A)(ym+u4)—(p(l—US)nA)((l—uz)Bl(l—ﬂ)(,uh+u192)+u1027r+(1—u2)82ﬂyh)(1—u2)
) KBS At f ((1-u,)BS, +(1-u,)B,S, )

(0(/uh+u102)(:um+u4)2 (ﬂh+77h+a)’ N,
Therefore

L ()=~ (4 + 770 +2) (1 + 06, ) (41 +Uy ) 1 (VIR +2) (1= TR )

KB, i Bt ( 5 J
- m/m ktl, + +Uu,6. C+u,)(1-u,) S,
(14 +U1‘92)(/Jm+u4)2 R? 0 (s + U0, ) (s +)(1-0,) N,

Thus, L'(t) is negative if R, <1 and L'=0 ifand only if 1, =1 =0 is reduced to

the DFE. Consequently, the largest compact invariant set in

{(Shl,Shz,Ih,Th,Rh,An,Sm,lm)eQ, L'ZO} when R_ <1 is the singelton{E,}.

Hence, by LaSalle’s invariance principle implies that"E;" is globally asymptotically

stable in Q (LaSalle, 1976). This completes the proof.

4.8  Existence, Local and Global Asymptotic Stability of Endemic
Equilibrium
Since we are dealing with presence of dengue fever disease in human population, we

can reduce system (4.1) to a 4-dimensional system by eliminating T, ,R, , A, and S,
respectively, in the feasible region Q. The values of S, can be determined by setting
S =mN, — 1 to obtain

ds |
d—:l :(1—72')/UhNh —(1—U2) Bl mh N_mshl _:uhshl +91Rh +U1Q25h2
h
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ds,
dt

I
= 7N, _(1_ uz) B2 B N_m S, = HySy, —U6,Sy, (4.34)

h

di !
d_th:((:l-—uz)Blshl +(1_u2)BZShz)ﬁth_m_(fuh T +a)|h

h

d,

dt = (1_u2) 3ﬂhm

N—h(mNh flm)—(,um +u4)lm

Then we set

ds, dS, di, di,

dt  dt  dt dt

Then the model of system (4.34) has a unique endemic equilibrium given by

E"=(S;.Sy, Iy 15 )in @, with

*

(1-7) N, —(1— )Blﬂmh Sy — 4,5 +OR, +u6,S; =0

|
mh N_m Sy, = Sy, —=Uy6,S;, =0 (4.35)

h

74, Ny, _(1_u2) B,

) . | )
((1-u,)BS;, +(1—u2)BZSh2),Bth—m—(yh +n,+a)l, =0

h

*

(1—u2) 3ﬂhm (mN 1) (,um+u4)1;20.

h

4.8.1 Existence of Endemic Equilibrium
Existence of endemic equilibrium depends on the quadratic equation (4.27), that is, if

it has positive roots. The sign of the roots depends on the sign of A, B and C. From
(4.27) we have AL*+BA, +C=0
where

A=—pf,N, (a+m, + 10, ) (1t +Uy ) (@ Futty (11 +1, )+ (10, ) KB B, (£, = 5,2,6,)
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((1Ug) @, = (U + (1= Us )0+ 212) (£ + Uy ))) = (1= U, ) KB N, By (24 7, + 44,)
((1—ug) @r7p = (Us + (1=Vg ) 17+ 423 ) (U, ) ) (@ Tty (18 + U )+ (1-, ) KB B,
(2= 0,0 (1= s @12, — (Us + (LU )0 + ) (12 +1,)))
B =" f, Nyt (a+ 73, + 11, ) (1t +U, ) + (1=, ) kB, TN, Bt (1t +U, ) (L1~ ) 17, —

(us + (1=Ug) 70 + 21 ) (1t +U,)) = (L= U, ) KeoB, TN, Bty (a+ 17, + 11, ) (1t +U, )
((1=Ug) @10 = Uy + (L= )0 + 222 ) (11 Uy ) ) = @ FuN, (872, + ) (28 + U )
(0 futt (1 + )+ (LU, ) KB B, (T = 5,m6) (1= Us ) @1 = (us + (21— ), +
1) (1 +U4)) )+ (1=, ) KB By (1=Ug ) 17y = (U + (1= U5 ) 10 + ) (11 +11,))
(2B (.5, + ) Bun (2t +U, ) +KB By, (1=, ) By (£, + £5) By + 2N,
(fo=m6.) 14) (1=Us ) 1, — (U +(1=Ug ) p + 12, ) (12, +0,)))

C=—¢f, f,Nost @+, + 2, ) (28 +U, ) +(1=0, ) K@B.By (.5, + £3) BunfBn (#t +U, )’

((l_u5)§077A _(u3 +(1_u5)77A +/”A)(/Um +u4))+(l_u2)k”(/’Bz £4Ny Bt (:um +U, )2
((1_u5)¢77A —(U3 +(1_u5)77A +:uA)(/’lm +U4))

We express A, B and C in term of R as follows:
A=—p,N, (a+7, + 1, )t +U, ) (@ Futty (11, +U, )+ (1-U, ) kBB, (F, —5,,6,)
(1= ) or7, — (U +(1=Ug ) 7, + 12, ) (4, +u4)))—(1—u2)szNh (@, + )
(1) @17, = (Uy +(1=Ug ) 7 + 2, ) (£t + ) ) (@ Pttty +(1-0, ) KB B,

( f, _5h77h‘91)((l_u5)¢’7A _(u3 +(l—U5)77A +'UA)('um +u4)))
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or
A=—pf,N, (a+m, + ) (i +Uy ) (@F sty (11, +U, )+ (10, ) kBB, (f,—5,,6,)d)—
(1-u, )kB,N, B (a+73, + 24, ) A0 Fysty (11, + U, )+ (1=, ) KB By, (f, = 5,7,6,) Q)
then

A=pf,N, (a+77h +ﬂh)(ﬂm +u4)(1_u2)kBlﬁmhq5h77h01 +(1_u2)kBZNh mh (a+77h +ﬂh)(l_uz)
akB,B,,00,17,6, — k(i_uz )2 B,N, B (a+77h + 4, )qulﬁmhqf4 -pfN, (a‘H?h +ﬂh)

(/Jm +U4)(1—U2)kBlﬁmhqf4 —¢f,N, (a+77h +luh)(:um +l'|4)§0f4/v‘h (/Jm +u4)_
(1_u2)kBZNh mh (a+77h +ﬂh)q¢f4ﬂh (/Jm +U4)
It is follows that

A:ti_((l_uz)z KB,N, By (a+77h +/uh)qulﬂmhqf4 +(1_u2)kBZNh mh (a+77h +ﬂh)q¢f4ﬂh

(ﬂm +u4))_(a+77h +/1h) f,N, (ﬂm +u4)§0f4 (¢ﬂh (ﬂm +u4)+(1_u2)kBlﬂmhq)
Then

A=t +(a+77h +/uh) f2§0Nh (/Um +u4) f4 ((9/41 (lum +u4)+(l_uz)k81ﬂmhq)

y _(1_uz)ﬂmthZth((l_UZ)kBlﬁmhq + QL (:um +u4)) 1
f,N, (,Um +u4)(P((Pﬂh (,Um +U4)+(1_U2)k81ﬁth)

or
A tlatD _ﬁmhthq((l_uz) B,o, 14, (/um +U4)+(l_u2 )2 BZkBlﬂmhq) L
=tl+ -1 . .
@ f,Ny (1t +U, ) (@18, (11, +U, )+ (10, ) kB, 3,,0) implying
that

thf4 (l_uz) B, (¢ﬂh (:um +u4)+(1_uz)k81ﬁth)(ﬂh +1 +a)(:uh +92)(,Um +u4) R _1J

A=tl1+12 .
[ f,N, f, ((/’ﬂh (ﬂm + U4)+ (1_U2 ) kBlﬂmhq)(l_ Uz) Byfint
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Consequently ~ A=t, +t,(t,R? 1)
Therefore A=t, +t, (R, +1)(y&R. -1
in case of B we have
B =0, TNy tty (@77, + 24, ) (4t +U, )+ (1=, YkzgoB, TN, B a2 (1, +, ) (15 ) @17,
(us+(1—u5)77A+;¢A)(ym+u4))—(1—u2)k(szf4Nh mhﬂh(a+’7h+ﬂn)(ﬂm+u4)2
((1—u5)¢)77A—(u3+(1—u5)77A+yA)(,um+u4)>—¢)f2Nh(a+77h+,uh)(,um+u4)2
(gpf4,uh(ym+u4)+(1—u2)kBlﬂmh(f4—5h77h6?1)((1—u5)¢)77A—(u3+(1—u5)77A+,uA)
(um+u4)))+(1—u2)kBlﬂmh ((1—u5)(p¢7A—(u3+(1—u5)77A+yA)(um+u4))((1—u2)
@B, (.5, +15) By (1t +Uy ) + (1=, ) KB, B (11, ) By (Fy+ ) By + 2N, (£, -
Sn00) ) (L= Vs ) 971, = (Us +(1=Us )0 + 42, ) (1 + 4 )))
or
B =(1-U, ) kB, f,N, Bnts? (14 +U, ) A+ 0 F,N, (a7, + 21, ) (41, ) (1~ U, ) KB B850
+(1-U, )" kBB 00B, (£, 5, + 1) B (1 +U, ) +(1-U, ) kB3 1, GKB, 3,1, GBy B (o + T ) +
(1-,)’ kB,3,,,akB, 3,07z N, 14, T, — @ £, £,N, 11, (2 +77, + 4, ) (14 +U, )’ —(1-U, )
kB, f,N, mh,uh(a+77h+yh)(,um+u4)2q—(0f2Nh(a+77h+yh)(ym+u4)2g0f4yh

(,Um +U4)_§Df2Nh (a+77h +ﬂh)(ﬂm +u4)2 (1_u2)kBlﬁmhqf _(1_ U, )2 kB, S0
KB, 5,07 Ny 63,77, O, 4,

It follows that

B=t,+1; _((1_u2)k§082 fNW B it (a+77h +ﬂh)(ﬂm +U4)2 q+ef,N, (a+77h +ﬂh)
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(,Um +U, )2 (l_ U, ) kB, S +(1_ U, )2 KB, S, QKB 51,07 N 5,77, 6,44, ) -
2", T,N, (a+77h+ﬂh)(ﬂm+u4)3ﬂh or

B=t,+1 _kﬂthhq((P(l_uz) B, f,u, (a+77h +ﬂh)(ﬂm +U4)2 +of, (a+77h +ﬂh)(ﬂm +U4)2
(1-u,)B,f, +(1-u, )2 B,qkB, mh”é‘hﬂhglﬂh)_&”z f, TNy (@+7, + 24, ) (44, +U, )3 Hy

then

B=t,+t;+2¢°f,f,N, (a+77h +ﬂh)(ﬂm +u4)3ﬂh

_kﬂthhq((l_Uz)(a“‘T]h +ﬂh)(ﬂm +U4)2 f4§0(Bzfuh + fZBl)+(1_u2 )2 B,akB, mh”ahnhelﬂh) .
X _
20, 84Ny (@73, + 44y ) (4 + u4)3 Hy

or

B=t,+t +2¢° f, TN, (a+77h +ﬂh)(ﬂm +u4)3 Hy

N [(P(l_uz)Bz f4ﬂh (a+77h +ﬂh)(ﬂm +U4)2 +(/’fz (a+77h +/Uh)
h
(/Um +u, )2 (1_u2) B.f, +(1_u2 )2 B,0KB, B 704 11,6, 4,

2¢ fz f4Nh (,Um +u4):uh (1—U2) B: Bt

J(ﬂh +92)

R? -1

Consequently B =t, +t;+t; (t,R? 1)
For the case of C is

C= _§02 fz f4Nh/uh (a+77h +ﬂh)(ﬂm +Uu, )4 +(1_u2 )2 k(pBlB3 ( fl fz + f3)ﬁhmﬁmh (/um +u4)2
((1_u5)(P77A _(us +(1_u5)77A +:uA)(ﬂm +Uu, ))+(1_u2)k”¢’82 f,N, mh/ur?

(/Jm +U, )2 ((1_u5)§077A _(us +(1_u5)77A +;UA)(/Jm +U, )) then
C= _§92 f, f,NL 2, (a+77h +/uh)(/um +u4)4 +(1_u2 )2 k¢BlBs ( ff,+ fS)ﬂhmﬂmh

(4t +u4)2 0+ (1-u, ) kB, TNy Bty (1t +u4)2 q or
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C= (1_u2 )2 k§9B183 ( ff,+ f3)ﬂhmﬂmh (ﬂm +Uu, )2 q +(1_u2)k77(082 f,N, mh/us

+ (Pz f, TN, (,Um +Uu, )2 (1_ u, ) K B Ba Bt

(/um +U4)2q 2
(,Uh +92)(PRc

It follows that

2 2
C =kBo (4, +u4)2 f4luhNht8((1_u2) KB, B Bn?B (f., + £3) (14 +U,) +1J

kﬂmh¢:unzw f 0, N, t8

or

2
C=k,8mh(0(ﬂm+u4)2 f4uhNht{(1_u2>(pBl(flf2+ fa)(ﬂm+u4) q(ﬂh+‘92)(ﬂh+77h+a) RCZ+1}

KB, fu N it
Consequently C =t (~t,,R’ +1) or  C=t,(1-t,R?)
Hence  C=t,(1+ftoR, )(1- iR )
Where

t= (a+77h +ﬂh)(1_uz) NhB1ﬂmhqk5h77h91(§0fz (/Um +u4)+(1_u2) BzﬂmhkCI)
t, :(a+77h +ﬂh)§0f2Nh (/Um +U4) f, (¢ﬂh (/Um +u4)+(l_u2)k81ﬂmh(:l)

Q((l_uz) B, 11, (ﬂm +u4)+(1—u2 )2 szBlﬂth)(,”h T+ a)(l“h +‘92)(,Um +u4)

t =
’ f2 ((/Wh (ﬂm +u4)+(1_u2)k81ﬁmhq)(l_u2)Bsﬂhmt

t, :(1_Uz)k7z§0Bz f,N, mhﬂr? (/Jm +u4)q +of,N, (a+77h +ﬂh)(ﬂm +U, )2 (1_u2)kBlﬂmh§hT7h91q
t5 = (1—U2 )2 ﬂmhqul ((pB3 ( fl f2 + fa)ﬂhm (:um +U4)+ kBZ mhq ((1—U2) BBﬂhm ( fl + f5)+ ﬂNh/“lh f4))

ty =29 f, N, (@+77, + 41, ) (44, +u4)3 Hiy
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{(p(luz)Bszh(awh+ﬂh)(ﬂm+U4)2+¢f2(a+f7h+uh)(um+U4)Z (1446,)
h 0,
- (1_uz) B, f, +(1_u2 )2 B,aKB, B, 726,17, 0,44,
! 201, 1, (/Um + U4),Uh (l_uz) B; Gt
(1_ U, ) f2Bs St 2
t;=| 7(1-u,)B,x,q+ ty=KB o1, +U,) f4 Nt
8 { ( 2) 2 My, (,Uh+92)Rc2 9 h ( 4) aln Nplg

q :((1_U5)(P77A _(u3 +(1_u5)77A +tuA)(:um +u4))

~ o(1-u,) B (f,f,+ )4, +u4)2q(yh +6,) (1, +m,+a)

’ KB far8, N et
R = |- (1_u2)kﬁmh BSﬁhmt
: (,Uh"'nh+a)(ﬂm+u4)2(ﬂh+02)¢

f1:(1_77)ﬂhNh(ﬂh+91)(,Uh+5h)(,uh+77h+a) fzz(ﬂh+‘92)
fy = Gommu N, f,= (:uh +01)(,Uh +5h)(/uh +7, +a)027z;uhNh

f, :(:uh ""%)(ﬂh +5h)(:uh 1 +a)

It is observed that the coefficients A, B are non- negative if R.>1 and C is positive

* - i \l 2 -
if R, <1, Cisnegative if R, >1 sothat 4, = B SA 4AC from (4.27)

Therefore the model has :

i Unique endemic equilibrium if R, =1 implying that C =0

jjy Unique endemic equilibrium if B>0 gng C=0 or B*-4AC=0
i) Two endemic equilibria if R, >1 andC < Oimplying that 4AC <0

iv) No endemic otherwise
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It is clear from (i) and (ii) that the model has a unique endemic equilibrium. Further,

in (ii1) indicates that the model has two endemic equilibria.

4.8.2 Local Stability of the Endemic Equilibrium
In order to analyse the stability of the endemic equilibrium, the additive compound

matrices approach is used, using the idea of Lee and Lashari, (2014).

If R,>1, then the host-vector model equations (4.35) has a unique endemic

equilibrium given by E"=(S, .S, 17,1, ) inQ, with

. kB,S.. ..t
S, =|(1-u,)N B, (2u,0 3/ mhhm [
by (( uz) 0 Bn 2( U, 2+yh)(a+nh+'uh)('um+U4)+(/7(/lh+U192)(ﬂm+U4)Rcz B1(u1 z+/1h)

+(1_u2)2 m+B;N, BB (Nh:uh (ul(ZBZ - Bl)‘gz +((2_7[) Bz)ﬂh _(1_77) Bl)+(282 - Bl)gl(u102 +:Uh)
R;)+\/[(l_u2)2 NZp2 (4Bleyh (a+m,+ ) (W0, +yh)(%+(l—uz)m(ym +U, )+
By (ﬂm +u4)(Nh:uh +‘91R;))+(Bzﬂh (_(1_U2)m7z_ BNy Sty +(a+77h +ﬂh)(ﬂm +U, ))"’

B1((a+77h + ) (UG, + g4y ) (4 +Uy )= (11, )m— BS:ma(Nh:uh (u1‘92 +(1_77),uh)+'91(ulez + )

*

R] )))zml(z(l—uz)2 M+ (B, ~By) BNy B Bty (W6 + 14,

. kB t
Sy, =| (1-u,)N, B, (a+7, +ﬂh){Bzﬂh + anlan 7 B (U8, + 44, )}(ﬂm +U,)
(/’(ﬂh +u102)(/1m +u4) R;

(ﬂh +1, +a)¢7(,uh +u1t92)(,um +Uu, )2 Rc2
kt

2
+(1—U2) m +[Nh:uh (NhBSﬂhmﬂmhﬂ-Bzﬂh +

+7, +a +u,0 +u,)’ R? .
NhBl(u192+(1—7r),uh))+(’uh T )(p(:uh - 1 2)(:um 4) c NhBﬂl(Uﬂﬁﬂh)RhJ

kBB . A t
+V((1-u, ) N2 B2 (4BB, s (a+7, + 4, ) (b, + 1, )| ——LmEm oy (1-u,)m(p, +U
() N (88t (@ ) 10+ )| 7 B (1t (s 1)
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+By (:um +u4)(Nhluh +91R:))+(Bzﬂh (_(l_uz)mﬁ_BsNhﬂhmﬂh +(a+77h +:uh)(/um +U, ))

+Bl((a+77h ) (U6, + 1y ) (i +Ug) = (1=, )M =B, 3, (N a4, (Ulez +(1_77),Uh)

+6, (u.6, +ﬂh)R;)) 2))))/(2(1—u2 )" M+(B, ~By) BNy B Bt (L6 +““))’

|*— (/um+u4)ﬂmhkt
"=
Bkt (L=u, )M+ (g4, +17, +2) (4, +1,6, ) (4, +u4)2 RS

I; = (1_u2)Nhﬂmh (@+m, +/uh)(U18192 +(B + Bz)ﬂh)(ﬂm +'-14)+(1_uz )2 M+ B;N, BB

(Nh:uh (”Bzﬂh + B1(u192 +(1_7T)/uh ))"‘ B4, (u102 + 4, ) R;)"'\/((l_uz )2 Nﬁﬁnzlh

kB t
(4B,B, 1, (a+77h +ﬂh)(u192 +ﬂh)(¢(ﬂhsfn;:1§3Rcz +(1_uz)m(ﬂm +u4)+ B: Lo

(44 +u4)(Nh/uh +‘91R;))+(Bzﬂh(_(l_uz)m”_ ByNyy Bty + @+ 17, + 1) ( "‘u4))+

Bl((a+77h +luh)(u192 +/uh)(lum +u4)_(1_u2)m_ B3 Bm (N 4, (ulez +(1_7[)/uh)+
91(”192 +ﬂh)R;)))2 j}j/ (2(1_u2 )2 BlBZﬂnih ((a+77h + Hy )(/Jm +u4)(\ﬁRc +1)
(VTR 1)+ (1-u,)m))

where
_ (Nh:uh +‘91R;)¢7(,Uh +u1‘92)(ﬂm +u4)
kﬂmht '
RZ _ _kBaﬁmhﬁhmt

C

¢(1Llh + U0, ) ( fy + Uy )2 (ﬂh T, + a)

Local stability of the endemic equilibrium point is determined by the variational

matrix J(E*)of the non- linear system (4.34) corresponding to E™ as follows:

*

I * * * *
—M=(1-7) N, —(1-u,)B, g Sh ~ 248 +OR, +U0,S, =G, (S, S, 1 1n)
h

ds, I . .
dt = mN, _(1_u2) B, B N_Sh2 — 14,5y, —W6,S;, =G, (Sm’sh2 ' Ih’lm) (4.36)

h




dl,

dt

*

at N,

8G,
s,
oG,
os,,
oG,
s,
oG,
os,,

Ly
Ly
Ly
Ly

Hence the variational matrix of the non-

_BBw(1-%)1,
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*

h

G,
al,
oG,
al,
oG,
al,
G,
al,

« « I «
:<(1_uz)B1Shl +(1_u2)BZSh2)ﬂmh N_m_(ﬂh+77h+a)|h :Gs(sq’shzllh’lm)

I_h(mNh _[;)_(ﬂm +u,) I, =G, (Shl’ShZ’Ih’Im)

G, [ _-
o (E)
oG,

ol (E*)
oG

alnj(
oG,
ol

(E")
(E')
(E")
Ly

E")

(E")

linear model system (4.36) is obtained as

_ Blﬂmh (1_ u, ) Srz

—Hy N, O\, 0 N,
0 A 0 _w
I(E )= h 4.37
( ) B.Sw (1—u,) 1 B,Bm (1-U,) 1, —a—n — i 5 ( )
Nh Nh h h
: 0 ¢ s, Bl
B, mh(l_uz)l; ﬁmh(Bl(l_UZ)S;l+BZ(1_U2)S;2)
A:—luh—ezul— N y = N
h h
B3ﬁhm (1_U2) I;

C=mB,g,, (1_U2)_ N
h
The following lemma was stated and proved by McCluskey and Driessche, (2004),

to demonstrate the local stability of endemic equilibrium point E” .

Lemma 4.2:
Let J(E*) be a 4x4 real matrix. If tr(J(E*)),det(J(E*)) and det(J(E*)[z])are

all negative, then all eigenvalues of J(E*)have negative real part.
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Using the above Lemma, we will study the stability of the endemic equilibrium.
Theorem 4.3: If R_>1,the endemic equilibrium E™ of the model (4.34) is locally

asymptotically stable inQ

Proof:

From the Jacobian matrix J(E") in (4.37), we have

*

tr(J(E*)):—,uh - Bl(l_uz)ﬂmhl; —u.é _ BZ (1_u2)ﬂmh|m

N, 10 — Hy N,

Bs(l_uz)ﬂhmlr: <0

h

—a =T = Hy Uy =y —

LV Ml | M 0 Bl (1-t)Sy
" I 2 N,
0 A 0 _Bfn@-w,)S,,
det(J(E*)): ) ) N,
Blleh (,]\'I; uz)lm Bzﬂmh (l:\]-lh_uz)lm —a—ryh — U B
0 0 C oy~ Bl
Nh
Therefore
1 kB3, Bt .
Det(J(E))=—— Sl N, (4 +Uy )+ ByB (1—Uy ) 1 ) (N, 24, +
(( R ) e 77BNt

)( (£ +6u,)B h(l_uz)l;)+83ﬂhmﬂmhﬂh (_1+U2)2(mNh_|;)
(B,N, (44, +6,u;) Sy, +By(N, (4, +6,0,)S;, +B,f,, (1-,) 1 (S; +S;, ))))
Therefore Det(J(E*))<OIf R >1

Hence trace and determinant of the Jacobian matrix J(E*)are all negative.

The second additive compound matrix is obtained from the following lemma.
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Lemma 4.3:

To establish the second additive compound matrix (J[Z] (E)) of the Jacobian matrix

J(E™), the following will be considered.
From the Jacobian matrix J(E*), the second additive compound matrix (3[2] (E))

is obtained by taking the coefficient of X from:

detN[1,2(1,2] detN[1,2|1,3] detN[1,2|1,4] detN[1,2|2,3] ] [ ]
detN[1,3]1,2] detN[1,3|1,3] detN[1,3[1,4] detN[1,3]2,3] detN[1,3]2,4] detN[1,3|3,4]
detN[1,4]1,2] detN[1,4|1,3] detN[1,4|1,4] detN[1,4]2,3] detN[1,4|2,4] detN[1,4]3,4]
detN[2,3/1,2] detN[2,3|1,3] detN[2,3[1,4] detN[2,3]2,3] detN[2,3]2,4] detN[2,3|3,4]
detN[2,4]1,2] detN[2,4|1,3] detN[2,4|1,4] detN[2,4(2,3] detN[2,4]2,4] detN[2,4]3,4]
detN[3,4]1,2] detN[3,4|1,3] detN[3,4|1,4] detN[3,4]2,3] detN[3,4]2,4] detN[3,43,4]

detN[1,2]2,4] detN[1,2|3,4

where N, =[J(E*)+Ix] and | is identity matrix. It follows that N:[J(E*)HX}

N, N,
B (1 . X 0 0 0
0 D 0 B(-w)BuSy | 1y x o o
N, +

0 0 X 0

B (1-u 1" B,(1-u 1"
1( Z)ﬂmh m 2( z)ﬂmh m _a_ﬂh—ﬂh A O 0 O X

N, N,
L 0 0 B C |

This is equivalent to

- B, (1_u2)ﬂmh|; +X U, 0 _ B, (1_u2)ﬂmhsa
N, N,
0 . o _BOWAS
N: Nh
Bl(l_UZ)lehIm BZ(l_u2)ﬂmh|m _a_nh_luh_l_x A
N, N,
] B C+X |
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*

A= =mB,(1-u
Nh 3( Z)ﬂhm Nh
B.(1-u I B,(1-u [

C——U4 ﬂm_ 3( Z)ﬂhm h D:_ulgz_ﬂh_ 2( Z)ﬂmh m (438)

Nh Nh

Bl(l—uz)ﬁhl

— Mm%+ X  ud

Then detN[1,2(1,2]=| *" N, 172 | or
0 D+ X

detN[1,2|1,2]:£—uh — Bl(l_llj\lz)ﬁmhlm +XJ(D+X)
h

Bz (l_UZ)ﬂmhl;
Nh

then

But from (4.38) D =-u,0, — 4, —

detN[1,2|1,z]=[—uh + BE L ol XJ(—(l—ul)ez - 2l X]or
h h

det N[l,z | 1,2] :[_ﬂh _ Bl(l_:-ilz)ﬂmhlm ][_(l_ul)ez _ﬂh _ Bz(l_l’ilz)ﬁmhlm ]+
h h

B, (1-u I B,(1-u I
(_:uh_ l( Nz)ﬁmh mJX+(_(1_ul)92_ﬂh_ 2( Nz)ﬂmh me_'_XZ
h h

Take coefficient of X as

detN[1,2]1,2] =(—,uh _ Bl(l“:\lz)ﬂmh'm}{_(l_ul)gz . Bz(l—l’ilz)ﬂmhlm]
h h

Therefore detN[1,21,2] =—p, — Bl(l_l:\i)ﬂmhlm ~(1-u,)6, — 1, — BZ(l_lIiIZ)ﬂmhlm
h h

Others will be calculated in the same way to obtain the following matrix:



ay, 0
0wl

h
J[Z](E*)z 0 8y
BOu)l

Ny
0 0
0 0
B (1-u,)z, I

&y, =—24, — l( 2)

h

Bl (l_uz)ﬂmhl;

ay =— Nh

h*m _ulgz_

—a-—1,
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_ Bz (1_ uz)ﬁmhsf:;

N h
a23 ul(92
A, 0
0 a,,
0 a54
Bl-U)fula
N h

Bz (1_u2)ﬁmh|;

N,

—2u,

ﬂmh (Bl(l_ uz)s;; + Bz (1_ uz)Sr:z)

23—

N,

1- I
333 :_ﬂh_m_u —

_ Ba(l_ uz)ﬂhm I;:

Nh 4 lum Nh
B,(1-U,),, 1"
a44:_2ﬂh_u192_%_a_nh
h
B (-u,)S, +B,(1-u,)S,
45:ﬂmh( l( 2) Iill 2( 2) h2)1a54:m83(1—
h
h h
B 1-u,)l,
aeez_a_nh_ﬂh_ﬂm_u4_—3ﬂhm(N Iy
h
Thus
det( 9] (E 5( ) auR2(mN, 17 ) (1-u
h
U,) B )(( (a+m,+ pty + 1 +U, ) +(1-

a5 = mBs(l_uz);ma -

uz)ﬁhm -

Bl("]'_uz)ﬂmhs;:l

0
N,
0 Bl(:l'_uz)ﬂmhs:l1
Np
u,6, 0
B, (L-U,) B,
TN,
h
A 0
B,(1-U,) B .
66

N,

B3(1_u2)ﬁhm|r:l
Nh

B3(1_u2)ﬂhm|r:l
Nh

2)2 By B (mNh - Ir:]) f +(Nh (a+m, "'Zﬂh)

U,)Byfily ) (VarR, +1)(VarR, ~1)(w+(1-u,)




134

Blﬂmhl;(BlNh(,uh+ym+u4)(\/a:2Rc+1)(E 1)$; + R (1-u, ) BY1 S, +UB,N, 6,5, ))))
(N (08 + 24+ a1y +U,) + (10, ) (B 1 + B, (j+N a+,+ th + ity U, ) (2R, +1)
(R, ~1)(@R? (1=, ) WB BN, A1 (TN, =17, (N, (247, +16,+201,) + (1)
B Bla ) (M (247, + 264)+ (10, B )y~ (1-0,) B, mh(mN 1) (@R (L-u,)
BZI,S;, +(N, (U6, +244,)+(1-U,)(B,+B,) 4,1, )(BS;. + B, ))

_UZ)BZI;(Iuh +17, ""a)‘P(ﬂh +u102)(:um +u4)2 r

where , _ (1
(Nh (a+77h + 4+ Uy +u4)+(l_u2) BBﬂhmII:)BSﬂhmkt

B,(L1-U,) Iy (st +17, +2) 04y +Us6, ) (1t +U, )’ " = (4, + 17, +2) @ (22 + 0, ) (p4 + U, )

a, = 3
BlNh(/uh + Uy, "’UA)/Bmhkt B fumkt

o = (L-u,) 1y (4 + 17, +2) @ (44 + U6, ) (44 +u4)2 o = (/uh + 7 +a)(0(,uh +u1¢92)(,um +u4)2

) Nh(a+77h+ﬂh+:um+ua)ﬂmhkt kt

2
= (,Uh + 77 +a)(ﬂ(ﬂh +u16?2)(/1m +U4) R _ kB, B, Bt
c 2
B3'makt C”(/Uh +u102)(/um +u4) (,Uh /N +a)

f Z(Bl(Nh (@ +77, + by + 4 JFU4)+(1_U2)Bsﬂhmlt’»S:l +(1_u2)812ﬁmh|;1s:|1 +

BZ(Nh(a+77h+:uh+:um+u4)+(1_u2)(B3ﬁhm|:+BZ mhl;))sr;)(BZNh

* * *

(W6, +2u,)S,, +Bl(Nh(Uﬂz+2ﬂh)3ﬁ+(1—“z)Bz mhlm(5m+5h2)))
r=(N, (W6, +244,)+(1-1,) (B, +B,) Bl ) (B, (N (4 + st +Us )
+(1-U,) By b1 )+ By (UN, 6, +(1-U, ) B, By 1)) S5,
w=(N, (W6, + 244, )+ (1=, ) (B, +B,) B I ) (N (28, + i +U,) +
(1-1,)(Bfn s + BB |;))(Bls; +B,S; )

i 2(1_u2)3 BB, B (mNh - I;) I;(Nh(ulez +2/uh)+(l_u2)(Bl+Bz)ﬁmhl;)

(BI(Nh (a+7, +U6, +24,)+(1-U,) B, A1) Sy, +uleNh6’28:2)
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yz(Nh(u192+2:uh)+(1_u2)(Bl+Bz)ﬂmhI;)(Nh(ﬂh+:um+u4)+(1_u2)(83ﬂhm|;+Blﬂmhlr:l))
Hence det (3 (E")) <0, if R, >1

Thus, from the Lemma 4.2, the endemic equilibrium E” of the model system (4.34)

is locally asymptotically stable inQ.

4.8.3: Global Stability of Endemic Equilibrium Point (EEP)

Theorem 4.4:

If R, >1 the endemic equilibrium E” of the model system (4.1) is globally
asymptotically stable.

Proof:

To establish the global stability of endemic equilibrium E” we construct the

following positive Lyapunov function V as follows:

V(Sy. S I To R AL Sy &) = (S, =S5 InS, ) +(S, =S, IS, )+(1,— 17 In1, )+
(T,=To InT,)+(R, =Ry IR, )+(A, = A, In A )+(S, =S, IS, )+ (1, — 1 Inl,) (4.39)

Direct calculation of the derivative of Vv along the solutions of (4.39) gives
S ds,, S, \ds -
dV (S Sh1 h!Th1Rh1ATI S &I ) 1__ + 1_i _hz+ 1_I_h %4'
dt S, ) dt S, ) dt L)1,

N T R g S G
dt dt A, ) dt S, ) S, dt

Consequently

av _ Sy, — Sy, dsm+ Sy, — S, dSthr =1, al, . T.-T, dmy .
at (s, Jdt | s, Jdt L r, Jdt (T, Jat

R,—-R; dRh+ A —-A dAﬂ+ S, —S, dser I -1 \dl_
R, ) dt A dt S, dt I ) dt
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Substituting S, =S, -S; .S, =S, =S, .l =1,—1, . T,=T,-T, ,R =R, R,
A =A-A S =S -Sand I_=I_-1I"into(4.1) gives

ds -1, . \ . .
d—hl(l 7) N, —(1- )Blﬂmh( )(Shl—Shl)—uh(Shl—Sm)+91(Rh—Rh)+u192(Shz—Shz)

ds Im_lr’;\ * *

dthz =N, —(1-u,) B, mh(l\l—)(shz _Shz)_(/"h +ul‘92)(shz _Shz)
h

dl, ('n=1)

o =((t-u)By (3, -5 )+ (-1 B (S, =S1) (e +)(1,-1)

dT,

(1) ) (1, T))

dt

%Zdh (Th _Th*)_(/uh +91)(Rh _Rr:)

%_[q,_(owJ((sm =S0)+ (1= 1))~ (40 + (1= )7, +us ) (A, - A )

dt kN,

ddStm :(1 Us)ﬂA(An An) [(1 Uz)Bsﬂhm(lh_h h)}(sm S) (U +,um)(S —Sm)
dC:tm :(1_u2)83ﬁhm%(sm—s;)—(ﬂm+U4)(|m—|;)

It is follows that
dv
dt

where,

jl_[sss][(l 7)uN, (1u)Blﬁmh( )(s =S, )-t4(S, -5, )+6 (R -R) ) +ugy(s, -5, )y (441)

h

=hththtiytistist i+l (4.40)
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h

S, -S; =1, . .
j, = {%]{ﬂﬂhNh ~(1-1,)B, B, (N—)(shz -85 )= (1 +u0,)(S,, -Sr, )} (4.42)

[ —
w
1
N
—
= | |
s %
N
—

i ((1—u2)Bl(Shl—S;)+(1—UZ)BZ(Sh2—S;;))ﬂmh(Iml\ll;)—(yh+77h+a)(lh—l;:)}(4.43)

h

T, -T; .
( T J Ty (a4 +8,)(T, =T} (4.44)
( (24 +6,) (R~ Ry )} (4.45)

Rh
[co ¢

{1 U 77A An 'A\n [ )Baﬂhm(thI;)J(SmSr:l)<u4+:um)(smS;)}(4'47)

h

6 =

_ AHT J S-S5 )+(1, I;))(uA+(lu5)77A+U3)(An‘\2)}(4-46)

js—[lmljnl;]{( ) 3:3hm( I\II )(Sm_s;)_(ﬂm+u4)(lm_l;)} (4.48)

h

We simplify (4.41) to (4.48)

From (4.41) we have

hy h

* Bﬂmhlm Bﬂmhl; * u Blﬂmhlm u Bﬂmhl; *
j[smsh]{ﬂhNh”ﬂhNh[[ 1Nh - lNh (84 -84)-| = N, : 1Nh (84 -5:)
1
S

LESSS][@ 7) N, ~(1-, B, mh(ImN_I;)(ShI—S:&)—ﬂh(shl—S;)+91(Rh—R;)+u102(Shz—S;)]

" —Hy (Snl _S;)"'(‘gth _elR;)-l-uleZShz ~u,0,8,
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hy hy

2 )2 . . .
X(Sn1 —Shl) i (Sh1 —Sm) +(91Rh —@R;)[l—s—“}ruﬂzshz [1—2—”]—u1928;2 {1—8_“1]
h, hy h

* * * * 2 *
j =3 U N 1_Sihl — 7 N 1_87'11 _ Blﬂmhlm _ Blﬂmhlm (Shl _Shl) _ uzBlﬂmhIm _U2Blﬂmh|m
o TS N, N, S N, N,

wn
w

*

o \2 \2
s; - (s, -S S, —S s
jlzthh+7zthh—S“+Bl’Bm“|m( i hl) +u281ﬂmhlm( i hl) +OR +OR 2+

s, s, (sh-50) (s, -5 )
U6,S, +UB,S 4 N, M~z N, — BB ln \5n 0 ) u,B B 1, (Oh —9n
7] 2 S S N S N S

* \2
S, —S R S, S, .
—th—eR ~6R S—“—ulezshzs—“l—ulezshz

1™ — Y1hh
Shl h hy

From (4.42) we have

h, h

S, -5, =1 . .
2 —(%j{ﬁyhm _(1_u2)Bz mh (N—)(Shz _Shz)_('uh +u192)(3h2 _Shz )}

It follows that

o2
_(:uh "’uﬂz)(Shz S_ShZ) '

2 h2

* <\
. Si | | I 1°(S,, -5
J, =mu N, 1_? -B, th7+usz th+Bz th_UZBZ mh Ny s,

h, h h h N,

Consequently

© )2 N PSS .
J, =mu, N, +u,B, m“%m I_M_ Sr,

I, (Sh2 _S; )2 L(Shz _S; )2

h h, h

From (4.43) we have



X

or

|

: I _I* ﬂm Im ﬂm Im *ﬂm Im *ﬂm
3= (hl—hh] {[ B]_Sh1 I\rll —Uu, Blshl hm_ Blshl [\T +U, Blshl N—

or

*

-1

ly

I,
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I,

-B,S,, +UZBZShZ)(ﬂR|I1 m _:BT\T mj]_(luh+77h+a)(|h—|h)}
h

/Brlir;lm uzBlSrh+ﬂrlr:|1 m Bls ﬂmh m 2B15 RT m B S :BmhI

h

:Bmh

h N, h
I I

h'm

h

m

h h

m BZS;; +ﬂmh|m UZBZS;; _ﬂmhlm BZShz +ﬂmh|m UZB S

h h h h

B

I*

h

%UszSrlj—(ﬂh +17, +a)(|h - Ih)}

N,

+18mh|

h

]{((1—%)81(3rh -8, )+(1-1,)B,(S, -, ) B M—(ﬂh s, +a)(1, - |;)}

_I* * * I I*
h}{[(slshl ~u,BS, -BS; +uzslsm)[ﬂfm m —ﬂn&] m)+(sth2 ~u,B,S,
h h

ﬂmhmBS +
N

UszSh2 -

h

mBS, —
N 2°h,
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ﬂmhlm Ih zBls;l ﬂmhlm_l_ﬂmhlm BS Ih_i_IBmhIm><

Nh E Nh h 1hlE N

ﬁh i " o L v Buwln g o Iy
mhm ny,BS mmBs il uBS—+’“’“BS—
NhB”h N, ZB”H N, N T A

Bl |; .
u,BS, /™" —=++BS
1=h Nh | 1=h

Bls

* *

2BIS +

I . I I I I o I y
_|_:Bmh m UZBZSh _I_ﬂmh m BZSh _h+ﬂmh m UZBZSh +ﬂmh m BZSh +18mh m uszsh _h
N 2 2 2 2 I

h h h h h h

-BS ﬂmhlm E—UZBS :Bmhlm _Bs* :Bmhlm —UZBS* ﬁmh m I; ﬂmhlm BS
1 1 1 1 1
"N, I, "N, "N, N, I, N, T

_ﬁmhlm uzB:Lshll_h_ﬂmhlm Bls;;l_h_ﬂmhlm uzBlS:1 _ﬂmhlm BZShZ I_h_ﬂmhlm %
Nh Ih Nh Ih Nh Nh Ih Nh

*

UZBZSh2 _ﬂmhlm B S* _ﬂmhlm uszs* I_h_ﬂmhlm B.S _ﬂmhlm UZBZS Ih

2%h, h, 2%h, h 7
N, N, I, N, N, |

* *

- -1
ﬁmhlm B S* I_h_ﬁmhlmUZBZS;;_(Iuh—i_ﬂh—}_a)( h h) )

I\Ih 2 Ih h h
From (4.44) we have
. T -T x x
JA:( hT hJ{nh(lh—Ih)—(yh+5h)(Th—Th )}
h
It follows that
. (T,-T,)
- * T -
Je= (77h|h_77h|h) 1-2- = (1 +6,) —
h Th
Consequently
- - (T,-T)
- *T T * -
.|4:nhlh_'_nhlh_h_?]hlh_h_nhlh_(/uh+5h)¥'
Th Th h

From (4.45) we have
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i =(RhR—hR;]{5h (T =T )= (& +6)(R, —R;)}or

Js = {(@Th _5hTh*)(1_E_;j_(,Uh +¢91)(Rh;—R;)}

h h
Thus

*\2
) . R . R* R —R
Js =6, T, + 0, T, R_h_é‘hTh — O, R—h—(,uh +91)M

h h h

From (4.46) we have

k=[%}{[w%]((sms;>+omI;>)<uA+<1u5>nA+u3><Anm}or

- A s (1) s (A o (AA) A,
’6M“m(1‘EJ‘<”S“*(1‘E]‘(”S"“W“”%W 1A

¢Im(1_%J_¢ m(Al:N_hz:) +oly (A;(HN_h::) }J(_ﬂA_nA"'usnA_%)(An;\nAn)
then

. A (AA) N S N )
Je—(p3m+¢>3mAﬂ+¢>3m N A +¢>lm+¢>lmAn+¢>lm N A +Ug77, A

oA e (AA) A (ACA) -A)
wSmAﬂ ¢S, - ¢S, A (plmAn ol —ol, A (£20+175+Us) A

From (4.47) we have

I7 :[Sms_ S; ]{(1%)%(% %)[(1U2)B3ﬁhm w](sm _S;)_(u4 +:um)(sm _S;)

m h

or
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s Y . (s . s
J =mA, (1—§]—U577AA“ (1_§]_ Aila (1_§J+ AnUs7, [1_§j_[ B:Bum N_h_
* P2
| |* I* Sm - Sm Sm - Sm
ZB3ﬂhm N_:_N_: Bsﬂhm +N_:u283ﬂhmj%_(u4 +ﬂm)%

It follows that

12
= 74A, +U,B,8 1y (525%) +B, LT
UN 253 S #hn

h m h m

S,
+77A5An +Anf7A +An77A nAAn;

*\2 12
. Sm_sm Sm_Sm
S—_UZBSﬂhmli]_:(S—)_(u“ "‘,Um)(s—).

m m

12U A, — An77A An77A S -Byfn—

From (4.48) we have

(1T R I TR N .
JSZL | ]{( 3Ima UB3ﬂhm)£ hS _Nhs _Nh Sm+N_hSmj_(:um+u4)(lm_lm)}

m

or
I, I, I,T IE [, o
j ) |m B |; N_hSmBSﬁhm _N_SmUZBSﬂhm _N_hSmB3ﬂhm +N_hsmu283ﬂhm _N_hSmB3ﬁhm +
U] I8 [ .
N m u, Bﬂhm S BBﬂhm N SmUZBSﬂhm _(/um-l_uzl)(lm_lm)
h N, h

or
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A 1) AN ) .
=28 B [1--"|-S yBA [1--"|-L§BA |1 |+ S yBA [1-- [P S'BA x
J8 {[ Nh m Sﬂhm[ I j Nh m-2 Sﬂhm[ Imj Nh m 3ﬁhm[ Im] Nh m-2 Sﬁhm[ Im}[ Nh m Sﬂhm

m

2

) L NI Y I (1.-11)

|y gy Bﬂm[l—mj]+h8m8 ﬂm(l—m]—hsmu Bﬂm[l-mj (gt 0, L
[ |mj Nh 2=3Fh Im Nh 3Mh Im Nh 2=3Fh Im 4 Im

Consequently

* *

i I, I . I N I« I
=g B S u,B,A -T+-LS BB "+-1S uBf +—-SBS T+
J8 Nh m Sﬂhm N Sﬂhm Im Nh m SIma Im Nh m-2 SIma Nh m Sﬂhm Im
I, o ; Il 1> “
S B, +—> S BB +—-S uB,pB,. ~——"S B, —~——S u,B.pz,.,
) 2-3 Nh 3 Nh 23 Im Nh 3 Im Nh 23

* * I*

I I [ PR - | I
-8 B318hm - Smu2 Bsﬁhm - SmBisﬂhm _N_hSmUZBsﬂhm I_m_N_hSmBBIma I_m
h

Nh " Nh Im Nh h m m
|; * (Im_lr*r:)2
_N_SmuzB3ﬂhm _(:um +u4)|—
h m

Collecting positive and negative terms together in the system (4.40), we obtain

dv

—=X-Y

at (4.49)
where

* 2 * 2
s (S, =S S, -S S,
_M+Bl mhlm( h hl) _I_uzBlﬁmhIm( hy ) +9R +9R +U(98
N, S, N, S, 'S,

X = Ny, + 72, Ny
hy
s (s, -s.) < (s s*)2
+U,6,S, -+, N, +U,B,, Lo ) g g e On o BS, Lol
S, N, S, N, S, N,

* *

ﬂmhlm Ih Bs* ﬁmhlm I_+ BS IBmh m ﬂmh m BS I

ﬁmhlm uzBls

+u,B,S —+
ZEORON, L, RN, A N, I N,
4Pl Bls;;+ﬂmh'm u Bls;;'—uﬂmh"“ B,S, +Lonly uszShzl—“ Fonla S 1 :
h h h h N, ly Ny ly
(A-A)
ﬂmhl’“uszS; ﬂ”‘“lmBS ﬂ”‘h ~nu,B,S, +ﬂ”‘h|mBS ol st

Nh Ih Nh Nh " thAn

h
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(SS) L (Ss) S,
T 2 N_hT+ sﬂth—hTﬂhusAﬂS—

Nh peh Ih Th Rh An thAn
+I+I*£+A{:1 S—'“+An u+|—“SB,B +|—“SuBﬂ £+I—;SBﬂ£
(Dm (omAn nASm 77A5 Nh m=3/~"hm Nh m23hm|m Nh m3hm|m
| I, o S TR 1. N -
+N_hhsmu283ﬂhm +N_hhSmBBﬁhm K—I_N_hhSmUZBSﬂhm +N_hhSmBBﬁhm Nhh S u B3ﬁhm|_

*\2 *\2 £ \2

S, -9 “ (S, S S, -S )
Y:_:uhN __ﬂ;uhN Blﬂmhlm( hl) _UZBlﬂmhIm( h hl) _/uh( h hl) —Hth

S, N, S, N, S, S,

L \2
S* S* * S* Im Shz_ h,
_‘gthS_hl_uleShzS_hl_ulezsh2 — N, Si_Bz mh N_(S—)_UZBZ mh
h h,

hy hy h,

* *

(s-sh) :

£ \2
S, =S
)( o hz) -BS ﬂmhlmI BS :Bm BS ﬂmhlm

—(u, +0,6.
N, S;, s RN, L N, N,
ﬂn' I Bunln B i Baln ger o Bunla «
_ g FZmh’m 'h _ FPmhim gg _ Fmh m g -h_Fmh’m gg* 'h _Fmhm, Bg
u,B,S, L, N, RN, u,B,S, LN, RN, U, B
_ﬁmhlm BZShz I_h_lehIm uszshZ _ﬁmhlm BZS;; ﬁmhlm U B S I ﬂmh m B, Shz
N, I, N, N, N, Ih N,
* * * * (I I*)Z *
Bl Ih IB h IB bl * h™'h T,
—MUBS2 Zmh _m. BS2 o muBSZ—(/,z+77+a)——77I——
N, zzhlh N, 2h| N, 2529y h T T I hhTh
*\2 \2
. (Th_Th) . R (Rh_Rh) A . (An An)
I —(u +6, )—L=6T 0T ——(1 +0 )————¢S_——pS —pS
/AN (:uh h) T hin ~ 0 th (,Uh 1) R, Py, A Doy =Py, N A
A (A-A) (A-A) s *
¢|mx—(ﬂ|m—(l"mw—(ﬂAJrﬂA*'Ug)T—ﬂAAng"]AUsAn—AWA—

An S* B, M_u B, I_;w_(u + )M_I_hg B, l_m
77A5 3 S zathh S 4T Hiy S th3hm|

m

m m m

* *

| I I M . "
_N_hhsmu B3ﬂhm hh S Bsﬁhm Nhh SmUZB3ﬂhm E_N_hhSmB3ﬂhm _N_hhSmUZBmma E_
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N .
_hSm Bsﬂhm I__N_hSmuzBsﬂhm —(‘le +U4

Nh m h m

Thus from equation (4.49), if X<Y then (L—\:will be negative definite, meaning that

%—\:<0. It follows that Z_\t/:o if and only if S, :S;’ S, :3;2, L=1,T =T,

R.=R., A,=A,, S, =S, and | =1_. Therefore the largest compact invariant set

in {s;,s;z,|;,Th*,R;,A’;,s;,|;eQ: Z—\:zo}is the singleton {E"}where E'is the

endemic equilibrium of the model system (4.1). By LaSalle’s invariant principle,

then it is implies that E'is globally asymptotically stable in Qif X <Y .This

completes the proof.

4.9  Numerical Simulations

4.9.1 Numerical Simulations and Discussion of Results.

In this chapter, we illustrate the analytical results of the study by carrying out
numerical simulations of the model system (4.1) using the set of estimated parameter
values given in Table 3.4.

Figures 4.2 show the distribution of population with time in all classes of human and

mosquito when no control is applied.



146

3000 x10°

16
2500 / 14 / /
/ 12
2 2000 /
9 —~— "
3 / ~] — Spy £ 10
H E 4
5 >( — S =2
= 1500 m
s ‘\ in c 8 —_—
2 ™~ —— "
g — n B, —_,
2 1000 —_— £ /
4
500 \
N 2
. : : : : : : i : :
o - ) VO R R— o | | | L . ;
0 10 20 3 40 50 60 70 8 90 100 0 10 20 3 40 50 60 70 8 9 100

Time(days) Time(days)

Figure 4. 2:  Distribution of population with time in all classes of human and
mosquito when no control is applied that is u, =1, u, =0, u, =0,

u,=0,u,=0, =1

From Figure 4. 2, it is observed that the human infection reaches a peak between the
45th and the 75th day . The infection of the mosquitoes delayed. The total number of
infected humans obtained from System (4.1) is lower than observations in Tanzania.
The difference is due to the absence of the data in the whole country of Tanzania

(Rodrigues et al., 2012).

Figures 4.3 (i)-(ii) shows the variation of infected human and mosquito populations

with combine use of all five controls:
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Figure 4.3:  (i)-(ii): Variation of infected human and mosquito populations
with combine use of all five controls.

From figure 4.3 (i)-(ii), it is observed that when all the controls are used, the disease

is eradicated.

Figures 4.4(i)-(x) show the variation of infected human and infected mosquito
populations with different levels of campaign of educating Careless human

susceptible u,, vector human contactu,, reducing vector breeding areasu,,

insecticide application u, and maturation rate from larvae to adult u.
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Figure 4.4:  (i)-(x):Variation of infected human and infected mosquito
populations with different levels of campaign of educating
Careless human susceptible , vector human contact , reducing
vector breeding areas , insecticide application and maturation
rate from larvae to adult.

o

o

From Figure 4.4 (i)-(x) shows that, the increase of control reduce the disease.

4.10 Optimal Control Analysis

In this section, we adopt approach similar to that of Seidu and Makinde, (2014). The

aim is to seek optimal levels of the control strategies that is u,, u,,u,,u, and u;

needed to minimize the number of infected human and the cost of implementing the
control strategies. A functional J given by

I- min}J'OT(Aishl(t)+AZShz(t)+A3Ih(t)+AAIm(t)+;Dluf+;D2u§+;D3u32+;D4uf+;D5u§jdt (450)

U ,ie[l,S

subject to the differential equations (4.1) and initial condition chosen as s, (0)>0,
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where the D,s are positive weights which measure relative costs of implementing the

respective control strategies over the period [0,T7], while the terms Diu:® measure the
2

cost of the control strategies, A is the positive weights,S, (1) is careful human
Susceptibles, s, (t) is careless human Susceptibles, 1, is the infected human, ;  is the

infected mosquito and T is the final time.

Quadratic cost on the controls is preferred and this is similar with what is in other
literature on epidemic controls (Makinde and Okosun, 2011). The goal is to
minimize infection, while minimizing the cost of control.

Thus, we seek an optimal control u*such that

JU)=min{J(u)|ueU} (4.51)
where U is the control set defined by U :{(ul, .......... ;) such that u, are measurable with

O<u(t)<1; Vte [O,T]} is the set of admissible controls. The necessary conditions that

an optimal must satisfy come from Pontryagin's Maximum (Pontryagin et al., 1962).

This principle converts a dynamic system (differential equation of the i" state
variable) and (4.50) above into a problem of minimizing pointwise a Hamiltonian H
, with respect to U where;

H=AS, +AS, +A3Ih+A4Im+%Dluf+%D2u§+%D3u32+%D4uf+%D5u§

|
+A {(1_ﬂ)/uhNh _(1_U2) BB lem = Sy, +OR, +u1028h2‘|
h

Im
N_ Sh2 - /Uhsh2 - ul‘gzsh2 }

h

+4, |:ﬂ:uhNh _(1_U2)Bz mh
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h

+ |:((1_u2) BS;, +(1-u,) B,S:, ):Bmh ,I\Tm_(,uh +17,+2) Ih:|
+4 |:77h V7R )Th] +4 [5hTh ~(#, +6,) Rh]

+q {«{*&J(sm+'m>—m—w‘\v-(l—“s)m‘\m} (452)

A, {(1_115)77,\/\“_[(1_%)33@”3+ ym]Sm —u45m}

+;18 |:(1_u2)83ﬁhmlil_hsm _(/um +U4) Im:|

where 4, (i=12,...,8) are the adjoint variables or co-state variables which determine

the adjoint system, together with the state system (4.1) describes the optimality
system. Pontryagin’s Maximum principle (Pontryagin et al., 1962) and the existence
result for optimal control from Fleming and Rishel, (1975) can be used to obtain the

following proposition:

Proposition 1. The optimal control 5-tuple (uj,u,,u;,uU,,Us) minimizes the
functional J if there exist adjoint variables 4,i=12,.....,8 that satisfy the adjoint

system given by

a4, __oH
dt oSy,
From (4.52),

oH I, _ In
a:Aﬁ+21|:_(1_u2)Blﬁth_h ,uh}+23|:(1 UZ)Bl:Iﬁmh Nh.
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Hence

d
d_ﬂti:_pi+ﬂ1|:(1_u2)81ﬂmh Il\l_n;"'ﬂh}_ﬂs[(l_uz)Bl:lﬂmhll\l_n;

Others will be obtained using the same method.

Therefore

ﬂz -A - Al[ua]ﬂ,{(l u,)B, h:\lr“+yh+uﬂz}—ﬂe[(1—u2)82 mhll\l_m}

h

% ot -Mg[ﬂh h +a]_/1477h +%{(1_UZ)BSﬂhm Eﬂj _&3 |:(1_ uz) Ba:ma Z_r:j|
dA,
dt4 =4, (14 + 6, ) — A6,
dﬂs = =40, + s (44, + 6,)
d/%
ﬂ{ (Sp+1,)+ (ﬂA+u3+(1-u5)77A)}ﬂ7(1—u5)nA (4.53)

d
di/% = _2‘6 {(P[l_&j}' 17 |I(1_uz) BSﬂhm ’th"'ﬂmj"' U4:|_/18 |:(1_U2) BS:ma ;rj

d S Sh,
d—/:l[g:_A4+ﬂ1|:(l_u2)B1ﬂmh N_h;:|+ﬂz|:(1_u2)82 mh N;}

2 (0, 008, ) 20 [ ofa- o4 )

With transversality conditions

To get the characterization of the optimal control we solve the equations

oH
ou,

_patu =u;

where i=1,2,...n and n is number of controls.
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The first control is obtained as

oH
.~ Pt 10,5y, |- 4| 6,8, | from (4.52)
1
Then we set OH _ o to get
ou,

D, +4[ 0,8, |- 4] 6,8, |=0
or

DU, =—6,S, 4 + 6,5, 4.
Consequently

_ 0S5, A+ 6,5, 4
u, = 5 :

1

Other controls for u,, u,, u, and ugare obtained similarly. Thus

A{(BISHBZShz)ﬂmhHM{BS/)’Wsm}— ZhA,

h h

g |_ Ing |- Ty
ﬂl|:Bl thhShl:| 2“2|:BZ mh Nh Sh2:| 2’7|:Bsﬂhm Nhh Sm:|

u, =

b= PSe sl and g, A CA )

D, D,

In order to satisfy the given bounds for the control functions, that is 0 <u(t) <1 and

t€[0,T] the optimal control is restricted to u” =min {1, max(0,u, )}. Therefore

. -0.,S +0,S
ul:min{l,max(o, 2Sn,h ¥ O hzlzj}

D

1

| I,
A?|:(Blshl+BZShg)ﬂmhNh:|+/18|:83ﬂhmNhSm:|_
ln ¢ | hg | .
ﬂ'1|:Bl thhShl:| /LZ|:BZ mh Nh Sh2:| /17|:B3ﬂhm Nh Sm:|

U, =min{1,max| 0, D,
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u; = min{l. max (0’%}, (4.54)

u, =min {1, max [0, %J}

4

D

5

W = min {1, max(o, Mj}

4.10.1 Existence of the Optimal Controls
Proof:
The existence of the optimal controls is obtained from Fleming and Rishel, (1975)

due to the convexity of the integrand of the functional J with respect to the 5-tuple
(u,,u,,Uy,u,,U) minimizes the functional J a prior boundedness of the state
solutions, and the Lipschitz property of the state system (4.1) with respect to the state
variables (Shl,ShZ,Ih,Th,Rh,An,Sm,lm). Using Pontryagin’s Maximum Principle, the

costate or adjoint equations (4.53) are obtained by differentiating the Hamiltonian

. . : H
Partially with respect to the state variables. Hence, we have dd—ﬂtlz—%,
hy

di, oH d4 H di  aH  di aH  di oH

dt oS, d o, dt 0T, d oRrR,~ dt A
di, __oH  di _ oH

dt oS dt ol

m m

With transversality conditions
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Since the Hamiltonian is minimized at the optimal controls, the optimality conditions

H_g at u =u are met. These optimality conditions can be used to obtain

ou;
expressions for u; by standard control arguments involving the bounds on the

controls, (4.54) is obtained. This completes the proof.

4.10.2 Effects of Optimal Control Strategies
In this section, we illustrate the analytical results of the study by carrying out

numerical simulations of the model system (4.1) and study the effects of campaign to

educate the careless human susceptible(u, ), control vector-human contact(u,),
removing vector breeding areas (u,), insecticides application (u,)and control

maturation rate from larvae to adult (us). We investigate and compare numerical

results in the following strategies:

(1) when all controls are set to zero, (ii) when only control vector-human contact
(Uz)is used to optimize the objective function (J) while other controls are set to
zero, (iii) when insecticides application (u4) is used to optimize the objective
function (J3)while other controls are set to zero, (iv) when campaign to educate the
careless human susceptible (u,) and control vector-human contact (u, )are used to
optimize the objective function (J)while other controls are set to zero, (vV)When
removing vector breeding areas (u3), insecticides application (u4)and control

maturation rate from larvae to adult (us) are used to optimize the objective function
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(J) while other controls are set to zero, (vi) when removing vector breeding areas

(u;)and control maturation rate from larvae to adult (u5) are used to optimize the

objective function (J) while other controls are set to zero, (vii) when control vector-

human contact (Uz) and insecticides application (U4) are used to optimize the
objective function (J) while other controls are set to zero and (viii) when all

controls are used to optimize the objective function (J) Parameter values are

obtained from the model fitting in table 3.4.

Figures 4.5 (i)-(viii) show the effects of optimal control strategies on the spread of

dengue fever disease in the population.

The figures show the effects of optimal control of the model system (4.1) using the
parameter values in Table 3.4 for different strategies as shown below.

1., =u, =u; =u, =u;, =0

2.u, #0,u, =u; =u, =u;, =0

3.u, #0,u, =u, =u; =u;, =0

4.u, =#0,u, #0,u; =u, =u;, =0

5.4, =0,u, =0,u; #0,u, =#0,u;, =0

6.u, =0,u, =0,u; #0,u, =0,u;, =0

7.u, #0,u, #0,u, =u; =u; =0

8.u, #0,u, #0,u; #0,u, #0,u; =0

.U, =U, =U; =uU, =u; =0
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Figures 4.5:  (i)-(viii): Simulations of model system (4.1) showing the effects of
optimal control strategies on the spread of dengue fever disease in
the population.
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From figure 4.5(i), it is observed that when no control is applied careful and careless
human susceptible population decrease and infected human and mosquito
populations increase. The control profile shows that all controls are in a lower bound.
From Figures 4.5(ii), (iii), (v), (vi) and (vii), it is observed that careful and careless
human susceptible population increased while infected human and mosquito

population decreased.

From Figures 4.5 (iv) and (viii) it is seen that careful susceptible increase, careless
susceptible decrease due to individual getting education and move to careful

susceptible while infected human and mosquito population decreases.

Control profile for Figure4.5 (ii) shows that control vector-human contact (uz)is at
upper bound for 3.486 years before dropping down to the lower bound while u,, u,,

u, and u, are at lower bound till the final time.

The control profile for Figure 4.5 (iii), insecticides application (u4) is at upper
bound for 2.8 years before dropping down to the lower bound while u,,u,,u, and

us are maintained at the lower bound till the final time.

Control profile for Figure 4.5 (iv) shows that Campaign for educating careless human

susceptible(ul)is at upper bound for 3.314 years and control vector-human contact

(uz) is at 2.514 years before dropping down to the lower bound while u, ,u, andu,

are at lower bound till the final time.
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Control profile for Figure 4.5 (v) shows that removing vector breeding areas (u,) is
at upper bound for 2.914 years, insecticides application (u4) is at upper bound for
1.771years and control maturation rate from larvae to adult (u5) is at upper bound for

2.114 years before dropping down to the lower bound, while u, and u, remains at

the lower bound till the final time.

Control profile for Figure 4.5(vi),shows that control maturation rate from larvae to

adult (u)are at upper bound for 3.6 years and removing vector breeding areas (u,)
is at upper bound for 3.257 years before dropping down to the lower bound while u,

, U,andu, are maintained at the lower bound till the final time.

Control Profile for Figure 4.5 (vii), shows that control vector-human contact(uz) is
at upper bound for 1.717 years and insecticides application u, is at upper bound for

2.571 years before dropping down to the lower bound while u,,u, and ugare

maintained at the lower bound till the final time.

Control profile for Figure 4.5 (viii) shows that Campaign for educating careless

human susceptible (ul) is at upper bound for 3.257 years, control vector-human
contact (u,) isat upper bound for 1.486 years, removing vector breeding areas (u,)

is at upper bound for 2.914 years, insecticides application (u4) is at upper bound for
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2.514 years and control maturation rate from larvae to adult (u5) is at upper bound

for 1.771 years before dropping down to the lower bound.

411 Summary

In this subsection, optimal control analysis for dengue fever disease model was
performed using Pontryagin’s maximum principle. Conditions for optimal control of

the disease were derived and analysed with an effective use of campaign to educate
the careless human susceptible (U;), control vector-human contact (u,), removing
vector breeding areas (u,), insecticides application (u,) and control maturation rate

from larvae to adult (u5). It is observed that from Figures 4.5 (ii)-(viii) infected

human and mosquito populations are decreased, indicating that on application of any
control or a combination of controls decrease the growth rate of dengue fever disease
in Tanzania. However there is cost associated with this control, implying the need of
minimizing the costs as financial resources are always scarce. In doing this, Cost
effectiveness analysis is preferred in order to find the best strategy to fight the

disease and minimize the cost.
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CHAPTER FIVE
COST EFFECTIVENESS ANALYSIS
Cost effectiveness analysis is used to determine the most cost effective strategy to
use to control the disease. To achieve this purpose we need to compare the
differences between the costs and health outcomes of these interventions. This is
done by calculating the incremental cost-effectiveness ratio (ICER) which is
generally described as the additional cost per additional health outcome. When
comparing two or more competing intervention strategies incrementally, one
intervention should be compared with the next-less-effective alternative (Okosun et

al., 2013).

The ICER numerator includes the differences in intervention costs, averted disease
costs, costs of prevented cases and averted productivity losses if applicable. The

ICER denominator is the differences in health outcomes (Okosun et al., 2013).

We rank the strategies in increasing order of effectiveness, namely (1) when all

controls are set to zero, (2) When removing vector breeding areas (u;) and control
maturation rate from larvae to adult (u5) is used to optimize the objective function (J)
while other controls are set to zero, (3)When insecticides application (u4) is used to
optimize the objective function (J)While other controls are set to zero, (4) When
removing vector breeding areas(us), insecticides application (u,) and control

maturation rate from larvae to adult (u;) are used to optimize the objective function
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(J) while campaign for educating the careless human susceptible (ul) and control

vector human contact (Uz)are set to zero, (5) When control vector-human contact

(u,) and insecticides application (u4) are used to optimize the objective function (J)

while other controls are set to zero,(6) When all controls are used to optimize the

objective function (J) , (7) When only control vector human contact (u,) is used to
optimize the objective function (J) while other controls are set to zero and (8)When
campaign to educate the careless human susceptible(u,) and control vector-human

contact(u, ) are used to optimize the objective function (J)while other controls are

set to zero.

The difference between the total infectious individuals without control and the total
infectious individuals with control is used to determine the ‘‘total number of
infections averted’” as shown in table 5.1 of cost-effectiveness analysis (Okosun et

al., 2013)

Table 5. 1:  Ranking of Control strategies in order of increasing total infection

averted
Strategy Control Total infection Total cost ($) J
averted

Strategy 1 U1 _ U2 _ U3 _ U4 — U5 _ 0 0.0000 0 4280.5
Strategy 2 U, =0,u, =0,u, #0,u, =0,u, 0 0.0583 0.3716 3298.2
Strategy 3 u, # 0, U =U,=U,=U, = 0 |0.1401 2.9681 3712.9
Strategy 4 U, =0,u, =0,u, #0,u, #0,u, #0 0.1457 2.5303 3756.3
Strategy 5 U, # 0, u, # 0, U =U, =U, = 0 |0.1655 3.7126 3927.5
Strategy 6 U #U, #U, #U, #U, #0 0.1697 6.7670 1248.9
Strategy 7 | y, %0,u, =u, =u, =u, =0 | 01709 2.5798 4086.7
Strategy 8 u, #0,u, #0,u, =U, =, =0 0.1813 6.0612 1417.0
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From Table 5.1 shows that strategy 8 is the best, as it avert majority, but in this
study it intend to find strategy which minimize disease and minimize the cost. This

is done by comparing strategy 2, 3, 4, 5, 6, 7 and 8 as shown below:

Table 5. 2: (i): we eliminate strategy 1 and compare strategy 2 and 3

Strategy Control Total infection | Total J
averted cost ($)

Strategy 2 | u =0,u,=0,u,#0,u,=0,u, #0 | 0.0583 0.3716 | 3298.2

Strategy 3 u, #0,u, =U, =U; =U, =0 0.1401 2.9681 3712.9

Then we calculate ICER as follows

0.3716 _
ICER 2= " =6.373021959 and  ICER 3= 2.9681-0.3716 _ 4, 21505379

0.1401-0.0583
The comparison between ICER (2) and ICER (3) shows a cost saving of

$6.373927959 for strategy 2 over strategy 3. The ICER for strategy 2 indicates that

the strategy 3 is expensive and less effective. Therefore we exclude strategy 3 so that

it does not consume limited resources.

Table 5.2 (ii): We compare strategies 2 and 4.

Strategy Control Total infection Total cost J
averted $

Strategy 2 | u,=0,u,=0,u,#0,u, =0,u, #0| 0.0583 0.3716 3298.2

Strategy 4 | u,=0,u,=0,u, #0,u, #0,u; 0| 0.1457 2.5303 3756.3

The ICER for strategy 2 and 4 will become,

ICER 2= 93110 g 373007050 |cpR 4 25303-03716 )\ cooionsy
0.0583 0.1457 —-0.0583

The ICER (2) and ICER (4) shows a cost saving of $6.373927959 for strategy 2

over strategy 4. That means, strategy 4 is more expensive and less effective than
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strategy 2. Therefore, strategy 4 is removed from the set of alternatives so that it does
not consume more resources.

Table 5.2(iii): Strategies 2 and 5 are compared.

Strategy Control Total infection | Total cost |J
averted (%)

Strategy 2 | u,=0,u,=0,u,#0,u,=0,u,#0 | 0.0583 0.3716 3298.2

Strategy 5 U, #0,u, #0,u, =, =u, =0 0.1655 3.7126 3927.5

ICER for strategy 2 and Strategy 5 will be calculated as

ICER 2 = % — 6.373927959 ICER 5= >/126=03716 _ o) 1 en04478

0.1655-0.0583
The ICER (2) and ICER (5) shows a cost saving of $6.373927959 for strategy 2

over strategy 5. That is, strategy 5 is expensive, so it is excluded from the set of
alternatives.

Table 5.2 (iv): Strategies 2 and 6 are compared.

Strategy Control Total infection Total cost | J
averted $
Strategy 2 u,=0u,=0u,#0,u,=0,u; =0 | 0.0583 0.3716 3298.2
Strategy 6 u #U, #U, #U, #U; =0 | 0.1697 6.7670 1248.9
0.3716 -
Then ICER2=—>"—0—6373927959 and  ICER 6= 100 —03740 g7 4na3a573
0.0583 0.1697-0.0583

This shows a cost saving of $6.373927959 for strategy 2 over strategy 6. Strategy 6

is more costly than strategy 2, therefore strategy 6 is excluded

Table 5.2 (v): Strategies 2 and 7 are compared.

Strategy Control Total infection Total cost J
averted $)
Strategy 2 | u,=0,u,=0,u,#0,u,=0,u; =0 | 0.0583 0.3716 3298.2
Strategy 7 u, #0,u, =U,=U, =U; =0 0.1709 2.5798 4086.7
0.3716 -
Then, ICER 2=~>"=° _ 373927959 , |cCER7=2>2/28=03716 1061101243
0.0583 0.1709-0.0583
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It shows a cost saving of $6.373927959 for strategy 2 over strategy 7. The ICER

for strategy 2 indicates that the strategy 7 is more expensive.

Table 5.2 (vi): Strategies 2 and 8 are compared.

Strategy Control Total infection | Total cost | J
averted (%)

Strategy 2 | u,=0,u, =0,u, #0,u, =0,u; #0 | 0.0583 0.3716 3298.2

Strategy 8 | u, #0,u, #0,u,=u, =u, =0 | 0.1813 6.0612 1417.0

ICER 2= 03716 _ 6.373927959
0.0583

ICER 8= 6.0612-0.3716 _ 46.25691057

0.1813-0.0583
From this shows a cost saving of $6.373927959 for strategy 2 over strategy 8. That

is, strategy 8 is more expensive and less effective than strategy 2.Therefore, strategy
8, the strongly dominated is left out from the set of alternatives so that it does not

consume limited resources.

With this result, we therefore conclude that strategy 2 (combination of removing

vector breeding areas (u,) and control maturation rate from larvae to adult (u5)) is the

most cost-effective of all the strategies for dengue fever disease control considered.
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CHAPTER SIX

RESULTS AND DISCUSSION

A mathematical model with treatment, temporary immunity, careful and careless
human susceptible for the transmission dynamics of dengue fever disease was

presented. We present a S, 1TRS, (careful or careless susceptible, infected,

treated, recovery, careful susceptible) and A_S 1. (aquatic, susceptible, infected)

epidemic model to describe the interaction between human and dengue fever
mosquito populations. In order to assess the transmission of Dengue fever disease,
the susceptible population is divided into two, namely, careful and careless human

susceptible population.

The model presents four possible equilibria: two disease-free and two endemic
equilibrium points. The results show that the disease-free equilibrium point is locally
and globally asymptotically stable if the reproduction number is less than unity.
Endemic equilibrium point is locally and globally asymptotically stable under certain

conditions using additive compound matrix and Lyapunov method respectively.

Modelling was examined with a special application to modelling dengue fever
disease data in Tanzania. In particular, maximum likelihood estimator was explored
and applied to the data from January 2010 to April 2015. The best fitting model
based on how well the model captures the data. From the results, it is observed that

the forecasted data agree very closely to the actual data.
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Moreover statistical test is carried out in order to establish the relationship of
forecasted and observed data. A statistical test showed significant correlation
between predicted and observed number of cases in 2010-2015 (R =0.921, R
square=0.848). Furthermore the correlation was significant. Predicted data = 6.195
+ 0.870 x Observed data, meaning that if observed data is increases by one, the
model predict that, the predicted data increases by 0.870, so model was found to be

valid since the statistic assumption is satisfied.

Sensitivity analysis of the model is implemented in order to investigate the
sensitivity of certain key parameters of dengue fever disease with treatment, Careful
and Careless Susceptibles on the transmission of Dengue fever Disease. Sensitivity
analysis revealed that the most positive sensitive parameter is maturation rate from
larvae to adult (per day). Simulation shows that when maturation rate from larvae to
adult (per day) increases, the number of infected individuals increases while careful
and careless susceptible decrease. This indicates that on the reduction of maturation
rate from larvae to adult (per day), it is possible to maintain the effective
reproduction number below unity and the disease can be eradicated from the

community.

The model with treatment, temporary immunity, Careful and Careless Susceptibles

was extended to include campaign of educating Careless human susceptibleu,,
control vector-human contact u,, reducing vector breeding areasu,, insecticide

application u, and control maturation rate from larvae to adult u;. The results show
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that Treatment and the controls on the transmission of dengue fever disease will have

a positive effect on decreasing the growth rate of dengue fever disease.

Furthermore optimal control analysis for dengue fever model was performed using
Pontryagin’s maximum principle. Conditions for optimal control of the disease were
derived and analysed with an effective use of campaign to educate the careless

human susceptibleu,, control vector-human contactu,, removing vector breeding

areasu,, insecticides application u,and control maturation rate from larvae to adult u,

The results suggest that the effective removing vector breeding areas (u3) and control

maturation rate from larvae to adult (u5) strategy have a significant impact in
reducing the dengue fever disease. From the cost-effectiveness analysis, the results
suggest that combination of removing vector breeding areas (u3) and control
maturation rate from larvae to adult (u;) are the most cost-effective of all the

strategies for dengue fever disease control considered.
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CHAPTER SEVEN
CONCLUSION AND RECOMMENDATIONS

We have presented mathematical model with treatment, temporary immunity, careful
and careless human susceptible for the transmission dynamics of dengue fever
disease and modified model incorporated with five controls that is campaign to

educate the careless human susceptible u, , control vector-human contactu, , removing
vector breeding areasu,, insecticides application u,and control maturation rate from
larvae to adultu,. Optimal control analysis for dengue fever model was performed
using Pontryagin’s maximum principle to find which strategy minimizes the disease
and cost. The results suggest that the effective removing vector breeding areas (ug)
and control maturation rate from larvae to adult (us) strategy have a significant
impact in reducing the dengue fever disease. From the cost-effectiveness analysis,
the results suggest that combination of removing vector breeding areas (u3) and
control maturation rate from larvae to adult (u;) are the most cost-effective of all the

strategies for dengue fever disease control considered.

Dengue fever eradication is currently a challenge in Tanzania and Sub-Saharan
Africa, so there is a need of strengthening the control strategies, especially
developing for effective treatment and vaccines which are not yet available. The
incidence rate of dengue fever is so current in Tanzania and it seems to be increasing,

thus due to the result of this work the following are recommended:-
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() There is a need strengthening the control strategy especially for educating the
society the prevalence of the disease and how to avoid getting the disease as at
the moment there is no antiviral agents exist for dengue fever disease.

(i) Patients should be advised to stay well hydrated and to avoid aspirin. For those
who develop sever dengue, close observation and frequent monitoring in an

intensive care unit setting may be required.

7.1  Future work
It is known that dengue fever disease have continued to spread worldwide and in
Tanzania. There is need to have comprehensive researches aimed to explore possible
new control strategies of the disease as well as assessing the impact of the existing
control strategies. Based on the model of this study, it is proposed that future work
should consider the following:

I.  Investigate the impact of the drug resistance for those using treatment on the

transmission of dengue fever infection.

ii.  Investigate impact of pesticide application
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